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Abstract 

In the paper we study aperiodic substitutional dynamical systems 
arisen from non-primitive substitutions. We prove that the Vershik home- 
omorphism tp of a stationary ordered Bratteli diagram is homeomorphic 
to an aperiodic substitutional system if and only if no restriction of <p to a 
minimal component is homeomorphic to an odometer. We also show that 
every aperiodic substitutional system generated by a substitution with 
nesting property is homeomorphic to the Vershik map of a stationary or- 
dered Bratteli diagram. It is proved that every aperiodic substitutional 
system is recognizable. The classes of m-primitive substitutions and as- 
sociated to them derivative substitutions are studied. We discuss also the 
notion of expansiveness for Cantor dynamical systems of finite rank. 

1 Introduction 

During last decade, minimal homeomorphisms of a Cantor set (Cantor minimal 
systems, in other words) have been thoroughly studied in many papers. The 
most powerful tool in the study of Cantor minimal systems is the concept of 
Bratteli diagrams. It was shown in [HPSj that every minimal homeomorphism 
is topologically conjugate to the Vershik map of an ordered simple Bratteli 
diagram. Such a realization of minimal homeomorphisms allowed one to prove 
many deep results clarifying properties and orbit structure of minimal Cantor 
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systems. We mention here the study of orbit equivalence and affability of Cantor 
minimal systems which was conducted in papers by Glasner, Giordano, Matui, 
Putnam, Skau, Weiss, and others (see |GP5T] . [UFS2] . |GF55j . [GMPSj . jGW] L 
Another meaningful usage of Bratteli diagrams was given in the papers [For] and 
[DHSJ. They answered the natural question of the description of the class of 
minimal homeomorphisms which can be represented by Bratteli diagrams of the 
simplest form, i.e., by stationary Bratteli diagrams. It turns out that this class 
is constituted by minimal substitutional systems and odometers. 

Motivated by these remarkable achievements, we are interested in the follow- 
ing question: Is the assumption of minimality crucial in proving these results? In 
the paper [BDMJ , we considered aperiodic Cantor systems and proved the exis- 
tence of Kakutani-Rokhlin partitions for them. In contrast to the minimal case, 
we cannot start with an arbitrary clopen set to produce a Kakutani-Rokhlin 
partition. Nevertheless, it was proved in Mcdj that, given an aperiodic home- 
omorphism T, there exists a sequence of nested Kakutani-Rokhlin partitions 
which generate the topology. Thereby we showed that every aperiodic homeo- 
morphism can be realized as the Vershik map of an ordered Bratteli diagram 
(see details in Section 2). However, the structure of Bratteli diagrams for ape- 
riodic homeomorphisms is still unclear — in comparison with the minimal case 
where each simple Bratteli diagram can be given an order that defines a con- 
tinuous Vershik map [HPS] , not every Bratteli diagram admits, in general, such 
an ordering [Med]. 

The primary goal of this work is the study of aperiodic (non-minimal) sub- 
stitutional systems and finding explicit descriptions of their Bratteli- Vershik 
models. To the best our knowledge, non-primitive substitutions have not been 
systematically studied yet. In our study we are mostly based on two articles. 
The first one is the paper by Durand, Host, and Skau [DHSj where the Brat- 
teli diagrams for primitive substitutional dynamical systems were thoroughly 
studied. The second one is the very recent work by Downarowicz and Maass 
[DM] where the authors suggested a very fruitful idea of coding of dynamics by 
means of the so-called j-symbols. In other words, this approach gives a symbolic 
interpretation of the technique of Kakutani-Rokhlin partitions and Bratteli dia- 
grams. The basic references to the study of substitutional dynamical systems are 
|Fog| and |Que| . We also refer the reader to the book |Kur] for a comprehensive 
exposition of the symbolic dynamics. 

We will use the standard notation of the theory of substitutional systems. 
Denote by A a finite alphabet and by A + the set of all non-empty words over A. 
Let a : A — > A + be a substitution. We denote by Ai the set of all letters a E A 
such that |<7 n (a)| — ► oo as n — > oo. Let A s = A\A;. We say that a substitution 
a has a nesting property if at least one of the following two conditions holds: 
(1) for every a <E A\ the word a(a) starts with a letter from Ai; (2) for every 
a € A\ the word a (a) ends with a letter from A\. Clearly, if A = A\ then a has 
the nesting property. 

The paper is organized as follows: 

Section^' Bratteli- Vershik models of Cantor aperiodic systems. In the section, 
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we consider aperiodic homeomorphisms of a Cantor set and discuss the notions 
of an ordered Bratteli diagram and the Vershik map associated to aperiodic 
Cantor systems. We outline the proof of the fact that any aperiodic homeomor- 
phism of a Cantor set is conjugate to the Vershik map of an ordered Bratteli 
diagram (see [Med]). This result is a foundation stone for our further research. 

Section [3J - Downarowicz-Maass ' symbolic representation. In the paper |DM| 
the authors suggested a method of coding of dynamics on Bratteli diagrams by 
means of j -symbols. In the section, we generalize ideas and results from |DM) 
and give abstract definitions of j-symbols, j-sequences, etc. They can be used 
to study dynamics of different nature, for instance, Bratteli- Vershik systems 
and substitutional dynamical systems. The main advantage of this approach 
is that it allows one to use the machinery of symbolic dynamics for solving 
some problems of Cantor dynamics. The technique used in this section (see 
Propositions 13.101 and [3~.12p is applied in the proofs of our main results. 

Section Gjr Finite rank aperiodic Cantor systems. We apply in this section 
the technique of j-sequences developed in Section [3] to the study of Cantor 
aperiodic systems of finite rank. Generalizing the main result of [DM], we show 
that the Vershik map of an ordered Bratteli diagram with uniformly bounded 
number of vertices at each level whose restrictions to minimal components are 
not conjugate to odometers is expansive, i.e. this map is homeomorphic to a 
subshift over a finite alphabet. 

Section^ Recognizability of aperiodic substitutional systems. We discuss in this 
section the properties of an arbitrary substitution a over a finite alphabet A and 
the substitutional dynamical system (X a , T a ) defined by a (the rigorous defini- 
tions are given in Section^)). We prove that the number of minimal components 
of the system (X a ,T a ) cannot exceed |j4|. We also show that for an arbitrary 
substitution a any point x E X a can be written as 

x = T*a(y) for some y E X a and some i = 0, . . . , |cr(y[0])| — 1. (1) 

If er is a primitive aperiodic substitution, then representation |T]) is unique for 
each x. This fact is a consequence of recognizability property of primitive sub- 
stitutions established by Mosse [Mosli IMos2j . We generalize this result by 
showing that if we omit the condition of primitivity for a, then the unique- 
ness of the representation ([I]) still holds. The proof of the result involves the 
ideas of Downarowicz-Maass' symbolic representation |DM] and the technique 
developed in Section [3] 

Section Stationary Bratteli- Vershik models vs. aperiodic substitutional sys- 
tems. In the section we show that every expansive Vershik map of a stationary 
ordered Bratteli diagram is homeomorphic to a substitutional dynamical sys- 
tems. Conversely, we show that every aperiodic substitutional dynamical system 
constructed by a substitution satisfying the nested property is homeomorphic 
to the Vershik map of a stationary ordered Bratteli diagram. These results gen- 
eralize those proved in [DHSj for minimal (primitive) substitutional systems. 
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Section ^ Derivative substitutions. The section is devoted to the study of 
derivative substitutions associated with aperiodic substitutions. This notion 
was first considered in [DHS] and |Durj for primitive substitutions. We show 
how using derivative substitutions one can find a Bratteli-Vershik realization 
of a substitutional system. This approach differs from that of Section [5] and 
sometimes gives a 'simpler' Bratteli diagram. 

Appendix: Description of the phase space X a . In the appendix we give an 
explicit description of elements from the space X a and establish some supple- 
mentary results on general substitutional systems. 

2 Bratteli-Vershik Models of Cantor Aperiodic 
Systems 

In this section we show how one can associate a Bratteli-Vershik dynamical sys- 
tem to every Cantor aperiodic (non-minimal) homeomorphism. This result was 
announced in [Medj . Since the notion of Bratteli diagrams has been discussed 
in many well known papers on Cantor dynamics (e.g. |HPS| , |GPS1| . [GPS3 ), 
we give only the main steps of the construction. 

By a Cantor set X we understand any zero-dimensional compact metric 
space without isolated points. Recall that a homeomorphism T is called aperi- 
odic if every T-orbit is infinite; a homeomorphism T : X — > X is called minimal 
if every orbit of T is dense in X . 

Definition 2.1. A Bratteli diagram is an infinite graph B — (V,E) such 
that the vertex set V = {J i>0 ^ anc ^ the ec ^S e set E — Ui>i &i are partitioned 
into disjoint sets Vi and Ei such that 

(i) Vq = {vq} is a single point; 

(ii) Vi and Ei are finite sets; 

(iii) there exist a range map r and a source map s from E to V such that 
r{Ei) = V h s(Ei) = Vi-i, and s" 1 ^) ^ 0, r' 1 ^') ^ for all v € V and 

v' eV\V . 

The pair (Vi, Ei) is called the i-th level of the diagram B. We write e(v, v') 
to denote an edge e such that s(e) = v and r(e) = v'. 

A finite or infinite sequence of edges (e, : ej S Ei) such that r(ej_x) = s(ej) 
is called a finite or infinite path, respectively. It follows from the definition that 
every vertex v £ V is connected to vq by a finite path and the set E(vq, v) of 
all such paths is finite. For a Bratteli diagram B, we denote by Xb the set of 
infinite paths. We endow the set Xb with the topology generated by cylinder 
sets U(ei,...,e n ) = {x e Xb : x t = e % , i = 1, ...,n}, where (ei,...,e„) is 
a finite path of B. The set As is a O-dimensional compact metric space with 
respect to this topology. 

Remark 2.2. In general, the set Xb may have isolated points. We do not 
assume that Xb is a perfect space; our results remain true for any O-dimensional 
compact metric space. 
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Let B = {V, E, <) be a Bratteli diagram {V, E) equipped with a partial order 
< denned on each Ei, i — 1,2, such that edges e,e' are comparable if and 
only if r(e) = r(e'); in other words, a linear order < is defined on each (finite) 
set r _1 (w), v S V \ Vq. For a Bratteli diagram {V, E) equipped with such a 
partial order < on E, one can also define a partial lexicographic order on the 
set E k+ i o • • • o Ei of all paths from V k to Vf. (e k+1 , e t ) < (fk+i, /;) if and 
only if for some i with k + 1 < i < I, 6j = fj for i < j < I and ej < /j. Then 
any two paths from E{vq,v) are comparable with respect to the introduced 
lexicographic order. We call a path e = (ei,e2, ...,ei, ...) maximal (minimal) if 
every is maximal (minimal) amongst all elements from r~ 1 (r{ei)). Notice that 
there are unique minimal and maximal paths in E{vq, v) for each v £ Vi, i > 0. 

Denote the sets of all maximal and minimal paths in Xb by X max and X m i n , 
respectively. It is not hard to see that X max and X m i n are non-empty closed 
sets. 

Definition 2.3. A Bratteli diagram B = (V, E) together with a partial 
order < on E is called an ordered Bratteli diagram B — (V,E, <). 

Definition 2.4. Let B = (V,E, <) be an ordered Bratteli diagram. We say 
that a homeomorphism ipg : Xg —> Xg is a Vershik homeomorphism (map) if 
it satisfies the following conditions: 

(i) ifiB(X max ) = X 

in in •■ 

(ii) if x = (xx,X2, ■ ■ •) ^ X max , then 

(Pb{xi,x 2 , ■■■) = (xl, . . . ,x1_i,Xk, Xk+i,x k +2, ■ ■ ■), 

where k — min{rt > 1 : x n is not maximal}, ~x~k is the successor of Xk in the set 
r^ 1 (r(xk)), and {xl, . . . , a^^) is the minimal path in E(vq, s(x~k)). 

It is well-known that every simple Bratteli diagram B has an ordering such 
that the sets A max and X m i n are singletons. In contrast to this case, non-simple 
Bratteli diagrams may not have such an ordering, in general. We notice also 
that not every order of a Bratteli diagram defines a continuous Vershik map 
tpB- Moreover, it was shown in |Medj that there exists a Bratteli diagram B 
such that any ordering of B does not produce the ( continuous ) Vershik map. 

Let B = (V,E,<) be an ordered Bratteli diagram such that the Vershik map 
<Pb exists. Then the pair {Xb, Vb) is called a Bratteli-Vershik system. 

To construct a Bratteli diagram associated to a homeomorphism of a Cantor 
set, one needs to work with sequences of Kakutani-Rokhlin partitions. For a 
minimal homeomorphism, such sequences can be easily produced via the first 
return functions for any clopen sets. 

We consider now aperiodic Cantor systems and show how we can construct 
Bratteli diagrams in this case |BDM] . [Med] . 

Definition 2.5. Let {X, T) be a Cantor dynamical system. (1) By a 
Kakutani-Rokhlin (K-R) partition V of X, we understand any partition of X 
into clopen sets of the form 

V = {TA{v) : v = l,...,m; i = 0, . . . , h{v) - 1}. 
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The base of the partition V is B(V) = [J™=iA(v). A family of disjoint sets 
£(v) = {A(«),TA(u),...,T n-1 A(u)} is called a T -tower of height h(£) = n. 
Then V is the disjoint union of clopen T-towers 

(2) A sequence of K-R partitions {V n } is called nested if V n +i refines V n 
and B(V n +i) C B(V n ) for any 

For a Cantor aperiodic system (AT, T), a clopen set A is called a complete T- 
section if A meets every T-orbit at least once. A point x £ A is called recurrent 
with respect to A if there exists n £ N such that T n x e A. By compactness 
of A, every clopen complete T-section A consists of recurrent points. Thus, 
using the first return function ua(x) — min{n G N : T n x e A} for a complete 
T-section A, we can construct a K-R partition V of X with B('P) = A. 

Theorem 2.6 \Medf Let (A, T) 6e a Cantor aperiodic system. There exists a 
sequence of K-R partitions {P n } of X such that for all n > 1: (i) V n +i refines 
V n ; (H) h n+ i > h n , where h n = min{/i(£) : £ £ V„}; (Hi) B(V„+i) C B(V n ); 
(iv) the elements of partitions {P n } generate the clopen topology on X. 

Let (A, T) be a Cantor aperiodic system. We say that a closed set Y C A 
is a basic set if every clopen neighborhood of Y is a complete T-section and Y 
meets every T-orbit at most once. If a sequence of K-R partitions {V n } satisfies 
the conditions of Theorem 12.61 then Y — f] B(V n ) is a basic set. 

Theorem 2.7 'Me^ Let (A, T) be a Cantor aperiodic system with a basic set 
Y. There exists an ordered Bratteli diagram B — (V,E,<) such that (A, T) 
is conjugate to a Bratteli- Vershik model (Xb,<Pb)- The homeomorphism im- 
plementing the conjugacy between T and ips maps the basic set Y onto the set 
A m ; n of all minimal paths of Xb- 

Our primary goal is to construct Bratteli- Vershik models for aperiodic sub- 
stitutional systems. We recall briefly the main steps of this construction for an 
aperiodic homeomorphisms of a Cantor set. 

Let (A, T) be a Cantor aperiodic system. By Theorem 12.61 find a sequence 
of nested K-R partitions: Vo = A, 

V n = {T l A{v, n) : v = l,..., m{n); i = 0, . . . , h{v, n) - 1}, n > 1, (2) 

that generates the clopen topology on A. Set 

£(v, n) = {A(v, n),..., T h ^~ 1 A(v, n)} for v = 1, . . . , m(n). 

Define an ordered Bratteli diagram B = (V,E, <) as follows: 

(i) Define the set of vertices by Vo — {v } and V n = {1, . . . , m(n)} for n > 1. 

(ii) Define the set of edges E n between the consecutive levels V n - 1 and V n 
by the incidence matrix M(n) = {m vw (n) : v 6 V n , w £ V n -i}, where 

m vw (n) = |{0 < i < h(v, n) : T l A(v, n) c A(w, n - 
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In other words, we fix a vertex v £ V n and define V{v, n — 1) as the set of 
all vertices from V n -\ such that £(v,n) intersects £(w, n — 1), and a vertex w 
appears in V(v, n — 1) as many times as £(i>, n) intersects £,(w, n — 1). Then we 
connect u to each vertex w £ V(i>, n—1) taking into account the multiplicity of 
appearance of w in V(v, n — 1). 

(hi) To define the ordering < on E we take the clopen set A(v,n). Then 
tracing the orbit of A(v,n) within the T-tower £(v,n), we see that T'i^n) 
consecutively meets the sets A(w±, n—1), A(w2, n—1),..., A(wk % , , n — 1) (some of 
them can occur several times). This defines the set of edges r _1 (w). Enumerate 
the edges from r~~ x {v) as follows: e(w\,v) < e(w2,v) < . . . < e(wk„,v). 

Since the partitions {P n } generate the topology of X, for each point x G X 
there is a unique sequence i{x) = {(v n , i n )}v£V n -. a<i n <h(v n ,n) such that 

oo 

= pi 

n=l 

Define the map 9 : X — > by 

fl(as) = fl U( yi ,...,y n ) 

n>l 

where (yi, . . . , y n ) is the i„-th finite path in E(vq, v n ) with respect to the lexi- 
cographical ordering on E(vQ,v n ). It can be easily checked that 9 is a homeo- 
morphism. 

Define ips = 9oTo9~ 1 . Clearly, the homeomorphism ips satisfies Definition 
I2.4l with the ordering <. Thus, we obtain that (X, T) is conjugate to the Bratteli- 
Vershik system (Xb,^>b)- 

Open question. It is well-known that for every simple properly ordered 
Bratteli diagram B = (V, E) there exists the continuous Vershik map, see [HPS . 
On the other hand there are Bratteli diagrams such that any ordering on them 
will not lead to a continuous Vershik map [Med]. The question is: How can one 
describe the class of Bratteli diagrams which admit continuous Vershik maps on 
the set of infinite paths? 

3 Downarowicz-Maass' Symbolic Representation 

In the section, we develop the ideas of the paper |DM| and apply them below to 
solving the following problems: recognizability of aperiodic substitutions (Sec- 
tion [5]) and expansiveness of Vershik maps (Section 0| . The results stated in 
this section are proved in [DM] , Since they are of crucial importance for us, we 
reproduce their proofs here with minor alterations. 
Fix a sequence of finite alphabets {Aj}j>o. 

Definition 3.1. (1) Take a £ Aj, j > 1. By a j -symbol [a]j we understand a 
finite matrix with j + 1 rows numbered from {0, 1, ... ,j} which has the following 
structure: 
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(1) The row j (the bottom row of [a]j) consists of one box carrying the symbol 
a (in other words, labeled by a) whose length is extending over the full width 
of the matrix. 

(ii) The row j — 1 consists of rrij-x boxes labeled by letters bo, ... ,b mj _ 1 -i 
from the alphabet Aj_±. The total length of these boxes is equal to the width 
of the matrix [a]j. 

(hi) The row j — 2 consists of rrij-x group of boxes. The i-th group, i = 
0, . . . , rrij-i — 1, is located exactly over the box of (j — l)-th row labeled by bi\ 
the total length of boxes from the group i is equal to the length of the box b t . 
Each box from the row j — 2 is labeled by a letter from the alphabet A/-2- 

(iv) All rows above have the same structure. The row (the first row of the 
matrix) consists of mo boxes of length 1 which are labeled by letters from Aq. 

(2) A 0-symbol is always a 1 x 1 matrix viewed as a box of length 1 which is 
labeled by a letter from Aq. 

We observe that the set of all j-symbols, j > 1, is infinite. Denote by Aj any 
finite set of j-symbols over the alphabets A , ■ ■ ■ , Aj, j > 0. When we use the 
notation Aj , it will be clear from the context which set of j-symbols we mean. 

Definition 3.2. Let maps Cj : Aj — > Af_ x , i > 1, be given. For every i 
define by induction the family of i-symbols {Ai}i>o: 

(1) A - {Ho : a e A }. 

(2) Suppose that the family Ai-i is defined. For a G Aj, let Oi(a) — ao • • • a m 
where ao, . . . , a m G A^_i. Define the i-symbol [a]i as the matrix whose first i 
rows are concatenations of (i — l)-symbols [ao]j-i, ■ ■ ■ , [a m ]i-i from Ai-\. Then 
the family Ai is formed by i-symbols {[a]i : a £ A^}. 

We call this families of z-symbols {Ai}i>o agreeable. 

Example 3.3. Let A 2 = {a, 6,...}, A\ — {x,y...}, A Q — {a, ft,...}. Then 
the following matrix gives an example of a 2-symbol [a] 2: 



a 




7 


5 


X 


y 


a 



In this example, we have that 02(1) = xy, <Ji(x) — a/3, and <J\{y) = 7<5 
where Oi : Aj — > A^_ x , i = 1,2. 

Remark 3.4. Suppose that the families of j-symbols {Aj}j>o are agreeable. 
Then any row i < j of a j-symbol [a]j £ Aj completely determines all rows 
above. Furthermore, it follows from Definition 13.21 that each letter a E Aj is 
uniquely assigned to the j-symbol [a]j from Aj . 

We give now two principal constructions of agreeable families. 

Example 3.5. Let B — (V,E, <) be an ordered Bratteli diagram with the 
path space X B . Set Aj = Vj, i > 0. Define the map : Aj — > A i l l 1 (i > 1) 
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as follows: take a vertex v € Vi, write down all edges e\ < e2 < . . . < e m from 
r _1 (w) with respect to the ordering <, and define 

a-t(v) =vx...v m 

where Vk — s(efc), k = 1, . . . ,to. Then the alphabets {Aj}j>o and maps <7j : 
Ai — > -Ail i define the sets {A/}j>o of agreeable j-symbols, see Definition 13.21 

To illustrate this example consider the following Bratteli diagram with the 
edges ordered from the left to right. 




Then the 2-symbol [c]a can be viewed as the matrix 



vo 


vo 


v 


vo 


a 


b 


c 


c 


c 



Example 3.6. Let t : A — > A + be a substitution defined on a finite alphabet 
A. Set A a = A and A,- = {r j (a) : a e A},j > 0. Define er, : A,- -» by 
setting <7j(r 5 (o)) = T- 7_1 (ai) • • • T- 7_1 (a„ l ) where ai • • • a m = r(a). It follows 
from Definition 13.21 that the data {{Aj,<?j)}j>Q define the agreeable families of 
j-symbols {Aj}j>o- 

Definition 3.7. Let {^lo: ■ ■ • , -4. j } be agreeable families of symbols. Denote 
by Zj the set of all matrices with j+1 two-sided infinite rows which are obtained 
by concatenation of j-symbols. Every element of Zj is a sequence {[a n ]j}n6Z 
with [a n ]j £ Aj. Elements of Zj are called j -sequences. 

For x £ Zj and n £ Z, denote by x{n) the n-th column of x. The i-th row 
of the matrix x (i < j) is a concatenation of boxes of variable lengths which are 
labeled by i-symbols from A4. So it is natural to represent x(n) as a column 
whose i-th entry carries the following information: the letter a £ Ai such that 
the i-symbol [a]i intersects the column x(n) in x and an integer k > that 
denotes the coordinate of the column x(n) within the i-symbol [a];. 

This observation allows us to write down the matrix (j-sequence) x as the 
sequence x — {x(n)} ne z- Define T : Zj — > Zj by (Tx)(n) = x(n + 1) for all 
n G Z. Then (Zj,T) is a subshift over a finite alphabet. 
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The following picture gives an example of a 2-sequence. 





X-6 


X-B 


X-4 


X-3 


X-2 


X-l 


x 


Xl 


Xl 


X3 


X4 




X6 






y-2 


y-i 


yo 


yi 






2-1 







Definition 3.8. Let {Ao, Ai, . . .} be agreeable families of symbols and 
x, y £ Zj for some j > 0. 

(1) x and y are called i-compatible, i < j, if the i-th rows of x and y coincide. 
Observe that since the families {Ak}k>o are agreeable, the i'-th rows of x and 
y also coincide for all i' < i. 

(2) If x ^ y and they are compatible, then the maximal i < j such that the 
i-th rows of x and y coincide is called the depth of x and y. 

(3) If the i-th rows of x and y are different, then x and y are called i-separated. 

(4) a; and y are said to have a common j-cut if there exist n E N and j- 
symbols [a]j and [b]j such that [a]j and [b]j appear in x and y, respectively, at 
the position n. 

Remark 3.9. (1) We note that if a pair (x,y) has a common j-cut at a 
coordinate n, then it has common i-cuts for all i < j at the same coordinate n. 

(2) For a j-symbol [a]j, let \[a]j\ stand for the width of the matrix [a]j. We 
observe that if a j-symbol [a]j appears in x E Zj at the position n, then there 
is a j-symbol [a']j that appears in x at the position n + \ [a]j\. 

(3) Denote by 7Tj : Zj — > i < j , the map that restricts each a; E Zj to its 
first (i + 1) rows. Then 7Tj is a factor map from {Zj, T) onto T). 

It is not hard to see that the technique of j-symbols is an interpretation of 
the well-known technique of Kakutani-Rokhlin partitions. However, the usage 
of j-symbols sometimes is more convenient as it allows us to manipulate with 
blocks, symbols, and other symbolic objects. 

Proposition 3.10 [DM] Let {Aj}j>o be agreeable families of j-symbols. Sup- 
pose also that \Aj\ < K < oo for all j > 0. Then for any n E N there exist 
i.j G N with n < i < j such that any pair of j- sequences with depth i has no 
common j-cuts. 

Proof. Assume the converse. Then take no E N such that for any i = no, . . . , j— 
1 there exists a pair (xi, yi) of j-sequences with depth i that has a common j-cut. 
We set j = no + K. 

(I) Consider the pair (xj-i , J/j-i). By assumption, this pair is (j — 1)- 
compatible, j-separated and has a common j-cut. 

Fix any common j-cut for Xj-i and yj-i, i.e. we fix a position n at which 
possibly different j-symbols appear in Xj-i and yj—i- Consider the j-symbols 
occurring at the position n in Xj-i and yj—i- If these j-symbols are the same, 
then the following j-cut is also common and we consider the following j-symbols 
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(to the right). Let u and v be the first different j-symbols to the right of n. If 
there are no such symbols, we analyze Xj^x and yj-i to the left of n. 

If the j-symbols u and v have the same length, then the following j-cut is 
also common. In this case, we do not change anything and continue checking 
the following pair of j-symbols. 

If, say, u is longer than v, we modify the set of j-symbols. We replace the 
j-symbol u from Aj by the concatenation of two j-symbols, v £ Aj and a new 
symbol u' which is defined as follows. The matrix [u']j is formed by |u| — \v\ 
the right most columns of the matrix [u]j with the (j + l)-th row labeled by 
u' . In other words, we substitute the last row in the symbol u by two boxes: 
v and a new symbol v! which has the complementary length. Observe that 
the rows above the last one are not changed (recall that Xj-\ and yj-\ are 
(j — Incompatible). 

Next we replace occurrence of the j-symbol u in every element of Zj by the 
concatenation vu' . This procedure lead to a symbolic system which is topolog- 
ically conjugate to (Zj,T). Note also that we produce more j-cuts and never 
remove them. If there is still a non-common cut, we repeat the described con- 
struction and substitute some j-symbol with an existing one and a new one. 

As soon as we get that all j-cuts to the right of n are common, we repeat 
the argument to the left part of Xj_x and yj-%. 

(II) Thus, we get a symbolic system topologically conjugate to Zj with the 
same number of j-symbols such that the modified sequences Xj-\ and yj-i have 
all j-cuts common. On the other hand, the sequences Xj^i and yj-i remain 
(j — Incompatible as we did not change the upper j-rows. Furthermore, Xj-i 
and yj-i remain j-separated. The latter means that there are two different 
j-symbols which are (j — Incompatible. 

Now we produce a topological factor Zj of Zj by identifying j-symbols which 
are (j — Incompatible. Thereby, we strictly reduce the number of j-symbols 
and j-sequences from Zj have at most K — 1 different j-symbols. 

(III) It follows from (II) that the sequences Xj-i and Dj-i are not j-separated 
any more. The every pair (xi,yi), i 6 [n ,j — 2] (in fact, their images in the 
factor Zj) remains (i + l)-separated since these rows have not been changed. 
Moreover, the pair (xi, yi) still has a common j-cut because in the construction 
we only added more cuts. 

We can now apply the same arguments as in (I) and (II) to the pair (xj-2, Vj-2)- 
As a result, we get a new factor with at most K — 2 j-symbols. 

Repeating the same argument no more than K — 1 times, we obtain a new 
factor in which the pair {x na ,y na ) remains (no + l)-separated with a common 
j-cut while the family of j-symbols consists of one element only. This is a 
contradiction. □ 

The next proposition is called the "Infection lemma" in |DM] . Before proving 
the result, we recall the notion of an eventually periodic sequence. 

Definition 3.11. A sequence x = {x(n)}„ g z is called eventually periodic if 
there are uq and m such that x(n + m) = x(n) for all n > hq. 
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Recall also that the map 7i"i : Zj — > denotes the projection to the first 
i + 1 lines. 

Proposition 3.12 /£)M/ Lei {-4o ; • ■ ■ , be agreeable families of j -symbols 
with \Ai\ < K, i — 0, . . . , j, where j > K 2 . Suppose that the set {zq, ■ ■ ■ , 2^2} 
consists of i- compatible (i < j) and pairwise j -separated j -sequences with no 
common j- cuts. Then TTi(zo) is eventually periodic. 

Proof, (a) We can set z :— TTi(zk) because all the points Zk are i-compatible. 
Analogously, denote by v the restriction of a j-symbol v to its top i + 1 rows, 
i.e. the projection of v to A4. Draw a diagram T> consisting of the j-th rows of 
the elements z^ one above another with aligned zero coordinate. 





*>(-!) 


20(0) 


*>(1) 


zo (2) 






zi(-l) 


ai(0) 


*i(l) 


Xl (2) 





2^(0) 



Diagram T>: j-th rows without common j-cuts. 



(b) Since we have K 2 + 1 sequences of j-symbols {zo, . . . , za' 2 } 5 zero coor- 
dinates of {zo, . . . , z.R-2} are covered by at least K + 1 copies of a j-symbol t?. 
Notice that since the elements {zo ; . . . , 2^2} have no common j-cuts, any of two 
copies of v are shifted by some positive integer < I < \v\. Using the fact that 
7Ti(zfc) = iri(zo), we get that the projection of the j-symbol v to A4 satisfies the 
'7-periodicity law": v(n) — v(n + I) for every n £ [0, |v| — 1 — I]. 

(c) Let l v be the minimal shift for v appearing in the diagram T>. This means 
that v(n) = v(n + l v ) for every n £ [0, \v\ — 1 — l v \. As zero coordinate of z is 
covered by at least two copies of v, we have that z(0) = z(l v ). Denote by I the 
largest interval of Z such that £ I and if n £ I, then z(n) = z(n + l v ). 

(d) If / is not bounded to the right, then the sequence z — 7^ (zq) is eventually 
periodic and we are done. 

If I has the right end, set m = (max„ e j n) + 1. Hence z(m) =/= z{m + l v ). 
Restrict the diagram V to those K + 1 elements Zk in which the coordinate 
is covered by the j-symbol v. Since this diagram consists of K + 1 lines, the 
coordinate m is covered by at least two copies of a j-symbol w. 

If w = v, then by the choice of l Vl we get that z(m) = z(m + l v ), which is 
impossible. 

Suppose that w 7^ v. Let r be the relative coordinate of m within the 
extreme left copy of w covering m (see the Figur^l] below). Since there is no 
common j-cuts, r > 0. Hence, absolute coordinates of the extreme left copy of 
w[0, r — 1] within z intersects /. Asw^ v, we have that the absolute coordinates 
of w[0, r ~ 1] lie in /, which implies that w(n) = w(n + l v ) for all n £ [0, r — 1]. 

1 The idea of the figure is taken from IDM| . 
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I 



Z-2 Z-1 Zo Zl 



Zrn — 1 



Zk 2 



U'O 



111, — 1 W r 



Now, consider the other copy of w. Since it is the extreme right copy of w, 
the position m is aligned with some relative position n G [0, r — 1], where the 
/^-periodicity law holds. Thus, z{m) — z(m + l v ), which is a contradiction. □ 



4 Finite Rank Systems 

In the section we generalize the result of DM to homeomorphisms of a Cantor 
set with finite rank. To prove our main result of this section we develop the 
method used in |DMj to the case of aperiodic homeomorphisms. 

Let B = (V,E, <) be an ordered Bratteli diagram such that the ordering < 
admits the continuous Vershik map ips ■ Xb — > Xb where Xb is the space of 
infinite paths. Denote by X max and X m i n the sets of all maximal and minimal 
paths of Xb, respectively. Recall that by definition of the Vershik map we have 

that (/Jflflniax) = X min . 

Let {Aj}j>o be the family of agreeable j-symbols associated to the diagram 
B (see the details in Example 13. 5[) . 

Remark 4.1. (1) Any infinite path x = (x„) G X B \ Orb VB (X min U X max ) 
can be represented as an infinite matrix denoted by [x] with rows indexed by i 
from to oo and columns indexed by j S (— oo,oo). The matrix [x] is formed 
by an increasing sequence of i-symbols (i = 0, 1, . . .) which cross the coordinate 
0. The i-symbol corresponds to the vertex v 6 Vi which is crossed by the path x 
at the level i, and the position of coordinate in this i-symbol is defined by the 
order of the finite path (xx, . . . , x{) amongst all paths connecting vq and v. We 
see that this construction gives not only a single point x € Xb but the entire 
orbit Orb VB (x) = {ip B (x)}i. 

(2) We notice that for every x G X meix the Vershik map uniquely defines 
y G X nlln such that y = Lp B {x). If we applied the construction used in (1) to 
the paths x and y, we would get two one-sided matrices [y] + and [x]~ infinite to 
the right and left, respectively. As Orb VB (x) = Orb VB {y) it is natural to assign 
the concatenated matrix to x (or y). 

(3) Let X be the set of infinite matrices described in (1) and (2). Then the 
Bratteli- Vershik model {Xo, </?s) is conjugate to (X, T) where T is the left shift 
in X. This fact allows us to identify the sets X and Xb- 

Recall that Zi denotes the set of all i-sequences, see Definition 13.71 Let 
ni : Xb Zi be the map which restricts each matrix [x], x G Xb, to the first 
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i + 1 rows. Set Xi — ^(Xb). Clearly, Xi is a closed shift-invariant subset of 
Zi. Observe also that (Xj,T) is a factor of (Xb,<Pb)- 

Definition 4.2. Let d be a metric on X which generates the topology. It 
is said that a homeomorphism S : X — > X is expansive if there exists 5 > 
such that for any distinct x,y & X there is m £ Z with d(S m x, S m y) > 5. The 
number 6 is called an expansive constant. 

Note that the notion of expansiveness does not depend on the choice of the 
metric d, see [Wall Section 5.6] 

Remark 4.3. If (Xb, <Pb) is an expansive system, then, due to the famous 
theorem of Hedlund, (Xb,<Pb) is homeomorphic to (X,-,T) for all sufficiently 
large i, for the details see the proof of Theorem 5.24 in [Walj . 

The following definitions agree with Definition 13.81 

Definition 4.4. We say that two distinct points x and y from Xb are 
i- compatible if ni(x) = ~Ki(y). If ni(x) ^ 7i"i(j/), then x and y are called i- 
separated. Clearly, any distinct points x and y are z-separated for some i. The 
largest integer i such that iTi(x) = 7Tj(y) is called the depth of x and y. A pair 
(x, y) has a common j-cut if there exist n £ Z and j-symbols u and w such that 
i> appears at the position n in 7Tj(x) and iu appears at n in iTj(y). Notice that if 
x and y have a common j-cut, then a; and y have a common j'-cut for all j' < j. 

Definition 4.5. A Cantor dynamical system (X, S) has the topological rank 
K > if it admits a Bratteli-Vershik model (Xb, <£b) such that the number of 
vertices of the diagram B at each level is not greater than K and K is the least 
possible number of vertices for any Bratteli-Vershik realization. 

Clearly, if a system (X, S) has the rank K, then, by an appropriate tele- 
scoping, we can assume that the diagram B has exactly K vertices at each 
level. 

The next statement shows that the number of minimal components of a 
finite rank system is bounded (see also Proposition 15.61 for a similar result for 
substitutional systems). 

Proposition 4.6 Let (X, S) be a Cantor aperiodic dynamical system of a finite 
rank K . Then (X, S) has at most K minimal components. 

Proof. By definition, (X, S) can be realized as a Bratteli-Vershik model with 
at most K vertices at each level. Assume that there exist (K + l)-minimal 
components Zq, . . . , Zk for a homeomorphism S. Then for each level i there 
exist a vertex m £ Vi and two paths Xi and yi from Xb such that they belong to 
different minimal components from Zq, . . . , Zk and pass through «j. It follows 
that there exist distinct n and m such that < n,m < K and x% £ Z n , yi £ Z m 
for infinitely many indexes i £ I. 
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Define the metric d on the space Ab as follows: 



d({x n },{y n }) = . tt -j r. (3) 

mm{fc : x k ^ Vk \ 

Let io G I be chosen such that dist(Z n , Z m ) > 1/io- Notice that we can find 
a path z € Orbs (xi ) such that the first io edges of z coincide with those of yi . 
It follows that dist(z, Z m ) < 1/io, which is a contradiction. □ 

We recall the definition of the enveloping semigroup, see, for example, the 
book [Glaj for a wider coverage of the subject. 

Definition 4.7. Let S : X — > A be a homeomorphism. By definition, 
the enveloping semigroup E = E(X, S) of the dynamical system (X, S) is the 
closure of the set {S n : n € Z} in X x with respect to the topology of pointwise 
convergence. 

The main result of the section is the following statement. 

Theorem 4.8 Let {X, S) be an aperiodic Cantor dynamical system of finite 
rank K . If the restriction of {X, S) to every minimal component is not homeo- 
morphic to an odometer, then (X, S) is expansive. 

Proof. Without loss of generality, we can assume that X is the path-space of 
an ordered Bratteli diagram B = (V, E, <) and S is the Vershik map defined by 
the ordering <. 

Assume that the system (X, S) is not expansive. Then for each i > 1 there 
exists a pair (xi,yi) such that d(S m Xi, S m yi) < 1/i for all m G Z, where the 
metric is defined in Equation [3] This is equivalent to the fact that the pair 
(xi,yi) is z-compatible. Therefore, for infinitely many i there is a pair of depth 
i. By telescoping of B, can assume that for each i > 1 there is a pair of depth i. 

Now we have two opposite statements: 

(1) There exists io such that for all i > io and every j > i there is a pair of 
depth i with a common j-cut. 

(2) For all io there exist io < i < j such that any pair of depth i has no 
common j-cuts. 

It follows from Proposition 13 . 1 01 that statement (1) is never true. Thus, for 
all io there exist j > i > io such that any pair of depth i has no common j-cuts. 
Therefore, any pair of depth i has no common j'-cuts for j' > j. 

After telescoping of the diagram, we can assume that any pair of depth i has 
no common [i + l)-cuts. Recall that by our assumption of non-expansiveness of 
S, there exists at least one pair of depth i. 

Let E = E(X, S) be the enveloping semigroup for (X, S). Therefore, Ex — 
{j{x) : 7 G E} = Orbs(x). It follows that Ex contains at least one minimal S- 
component. By Proposition 14.61 there exist at most K minimal S'-components, 
Zq, . . • , Zk-x- Fix any path Zi G Z{, i = 0, . . . , K — 1. 

Fix any level io- For every i G [io, io + K 2 + K] take a pair (xj, yi) of depth 
i without common (i + l)-cuts. For each pair (xi,yi) find an element 7$ G E 
such that Ji(xi) = Zj for some Zj, j = j(i). 
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(a) Observe that the pair (7j(xi), Ji(yi)) has the same depth as (xi,yi) and 
has no common (i + l)-cuts. Indeed, ji is the pointwise limit of a sequence S nk . 
As each projection 7r m : X — » X TO is continuous, we get 

7Ti(7i(asi)) = ^(lim^Xi) - Iim7r i (S n *Si) = limT" fc 7r 4 (^) = 
= limT^TTifoi) = limTTj^i/i) = 

This, in particular, implies that (7j(xj), 7i(t/j)) is i-compatible. 

It remains to show only that (7i(xj), 7i(yi)) has no common (i + l)-cuts. 
Indeed, suppose 7i(xj) and Ji(yi) have a common (i + l)-cut. Then T rik iTi + i(xi) 
and T nk TTi+i(yi) have a common (i + l)-cut for all k sufficiently large. This 
implies that the pair (xj, y{) has a common (i + l)-cut, a contradiction. 

(b) Consider the pairs (7i(xj), Ti(jfo)), « G [io, «o + A 2 + A]. As each 7i(xj) 
is equal to some Zj, j — and we have at most K of them, we can choose 
A 2 pairs ('Ji(xi), r Yi(yi)), i E I, such that 7i(xj)'s are the same for all i G J, 
|/| = if 2 , say 7i(Xj) = z fco G Z feo . Observe that the pair (7»(j/i)>7j (&■))> j G I, 
i < j has the depth i and has no common j-cuts. 

(c) Setting z- = 7i(?/j) for i G I, we obtain a family C = {z- : i G 7}U{zfc } of 
io-compatible and pairwise (io + if 2 + A)-separated elements with no common 
(io + A" 2 + A)-cuts. Considering the projection TTi +K 2 +K of C and applying 
Proposition ^. 12] we get that m (zk a ) is eventually periodic, and, by minimality, 
7Ti (Zo) is periodic. 

Thus, we get that for each i, there is a minimal S'-componcnt Z% such that 
TTi(Zi) is T-periodic. As we have at most A minimal i'-components, there is a 
minimal component, say Z^ a , such that Tti(Zk ) is periodic for infinitely many i. 
This implies that the restriction of S to Z^ is homeomorphic to an odometer. 
The theorem is proved. □ 



5 Recognizability of aperiodic substitutions 

In the section we study dynamical properties of an arbitrary substitutional 
dynamical system (X ai T a ). First of all, we estimate the number of minimal 
components of the system (X a , T a ). Then we build a sequence of K-R partitions 
of X a using geometrical properties of the substitutional dynamical system. 

Let A denote a finite alphabet and A + the set of all non-empty words over 
A. Set also A* = A + U {0}. For a word w = wq . . . w n -\ with Wi G A let \w\ =n 
stand for its length. For any two words v,w £ A + , the symbol l v ~< u>' means 
that v is a factor of w. 

Definition 5.1. By a substitution we mean any map a : A — > A + . 

Any map a : A — > A + is extended to the map a : A + — > A + by concate- 
nation. We define the language L(a) of a substitution a as the set of all words 
which appear as factors of a n (a), a G A, n > 1. By definition, we also set that 
(7° (a) = a for all a £ A. 
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For any substitution a : A — > A + , define 

\cr\ = min |cr(a)|, ||cr|| = max |er(a)|. (4) 

Observe that the functions hh |er n | and «h ||cr ra || are not decreasing. 

Definition 5.2. By a substitutional dynamical system associated to a sub- 
stitution a, we mean a pair (X a , T a ), where 

X a = {x G A z : a;[— n, n] G for any n} 

and To- is the shift on A z . We will denote the k-th. coordinate of x G X a by x[k] 
or by For any words v,w £ L(a), set [u.w] := {x G X a : x[— \v\, \w\ — 1] = 

vw}. 

Definition 5.3. A substitution a : A — ► A + is called aperiodic if the system 
(X CT ,T CT ) has no periodic points. 

Remark 5.4. (1) In general, the set X a can be empty. To avoid trivialities, 
we will always assume that the substitution a is such that X a is an uncountable 
subset of A 1 '. In particular, we always have that ||cr n || tends to the infinity. 

(2) If L(a k ) — L(a) for some k > 1, then the substitutional dynamical 
systems associated to a and a k coincide, i.e., X a = X a k. 

(3) The set X a is a O-dimcnsional compact metrizable space whose topology 
is generated by the metric 

d(Hn]},{y[n]})= f (5) 

n— — oc 

where a" is the discrete metric on A, i.e. d'(a, b) = 1 iff a ^ b. Notice that the 
set X a can have isolated points. We do not require X a to be perfect. 

Let a : A — + A + be a substitution. We denote by Ai the set of all letters 
a G A such that |er™(a)| — ► oo as n — ► oo. Set also A s — A \ A\. Here the 
subindexes 's' and '1' stand for 'short' and 'long', respectively. Observe that 
a (a) G A+ for all a G A s . 

To estimate the number of minimal components of an arbitrary substitu- 
tional system, we need the following proposition which asserts that the length 
of words formed by short letters is uniformly bounded. This result will be also 
applied to Bratteli diagram construction f Theorem 16. 6p . 

Proposition 5.5 Let a : A — > A + be an aperiodic substitution. Then there 
exists M > such that every word W G L(X a ) with \ W\ > M contains at least 
one letter from A\ . 

Proof. Assume the converse, i.e., for any m > there is a word W m G L(X a ) (~l 
Af with \W m \ = m. 
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(0) Since |<7 n (a)| < K < oo for all a G A s and some K, there are positive 
integers n a and p a such that cr™ a (a) = a na+kpa (a) for all /c > 0, a G Set 
no = max{n a : a G A s }. Then it follows that 

a n {a) = <7 n+kp (a) for all k > and a G A s 

where n > no and p = IlaeA P Q ' Setting t = er p ™°, we obtain that r 2 (a) = 
crP" +P"°(a) = r(a) for all a G A SJ i-e. r fe (a) = r(a) for all a£i s and k > 1. 

(1) Since \A\ < oo, we find a letter a G Ai and an infinite set I C N such 
that W m -< cr fem (o) for m £ I. Write down each word a n (a) as 



^ (n) ^ (n) . . . L^s't^tll ■ ■ ■ L'^S'^ 



'(«) 



where -k/ G and S t G Observe also that the words and SVv 

can be empty. Since a {s[ {n) ) G A+ the maximal length of {S^ , . . . , s' r { " ] } 
must monotonically tend to infinity as n — > oo. 

Let r = er™ oP , where the integers no and p are defined above. Then, we 
decompose each word r(a), a G A;, into blocks over short and long letters 

r» = L<»>5<»> . . . L^^LW . . . L£>fiJ0 (6) 

where L^™' G Af and G Af . We notice that the maximal length of 

{S^ , . . . , S^} tends to infinity as n — > oo. 

Since t(S'^,™' ) ) G A+, each block is followed by a block (in sym- 

bols, < in the following sense: let and 6^ denote the last 

and the first letters of respectively, then S^ n is the maximal factor 

°tr(aPs<r¥g 1 ) = ria^MS^Mb^) over Af that contains r(S^). In 
other words, S^ n+1 ^ is the maximal factor of r n+1 (a) over ^4+ that appears 
between a-" +1 ' and • 

(2) For N sufficiently large, there exists 1 < fco < d,N (see © for the defini- 
tion of oIn) such that the block is followed by blocks , 

si N) <sl N+ v<sl N+ v<... 

K fcl «2 

with IS^" 1 "^! — ► oo as i — > oo. 

Therefore, we see from the above argument that 

where V{,.Zj G ^4* and [*] , \ ** | are some words. Then we can find positive 
integers q and t such that 

(N+t) _ (N+t+ql) 
% - a k t+ql 

, (JV+t) _ AN+t+ql) 
"kt + 1 ~ u k t+ql + l 
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for all I > 0. 

(3) Since |S'[.f r ~ H ' ) | — > oo, we have that a^ +4 ' ) or frfc^ f 1 1 ' 1 adds to new 
blocks over A+, i.e., \Vi\ — > oo or |Zj| — > oo as i — > oo. For definiteness, we 
assume that so does a^ +t K Therefore, 

^(4f +t) )=H4f + r +9) Q=&r^ 

and, inductively, 

^( fl (J +<>) = +t) Qr'(Q) . . . r^-D (Q), i > 1, 

where Q € and |~*~| , | ** | are some words. 

It follows from the definition of r that r (Q) = r(Q) for every I > 1. There- 
fore, X a contains a periodic sequence t(Q)°°, which is impossible. □ 

Proposition 5.6 Let a : A — > A + be an aperiodic substitution. Then (X a ,T a ) 
has no more than \A\ minimal components. 

Proof. Assume the converse. Set K = \A\. Take any K+l minimal components 
Zq, . . . . Zj< and let Zj G Z$, i = 0, . . . , K . 

We claim that there exist an infinite set / C N and letters bj G Ai, j = 
0, . . . , K, such that o- l (bj) -< Zj for all i G I, j = 0, . . . , K. 

Indeed, by Proposition 15. 5\ find M > such that any word w G L{X„) of 
length at least M contains a letter from A;. Given n > 0, take m > M||cr n ||. 
By definition of X a , zq[— to, to] is a factor of <r fc (a) for some a G A and fc. Since 
the function n ||f"|| is not decreasing, we get that k > n. Let <r fc-n (a) = 
do • • • ftrf-i with G A. We can choose the maximal interval of [0, rf — 1] 
such that G n (ai . . . a,j) appears in zq[— to, to]. The choice of to guarantees us that 
j — i > M. Therefore, at least one of the letters a r belongs to Ai, i < r < j. 

Thus, for all n G N there is a n G Ai such that a n (a n ) appears in zq. There- 
fore, there is an infinite set Iq Q N and a letter b G Ai such that <J l (b ) appears 
in zq for all i G Jo- Analogously, for all i G 1$ there is a, G Ai such that cr l (aj) 
appears in zi. Therefore, there is an infinite set I2 C Ti and a letter &x S A; 
such that c^&i) appears in z\ for all i G I\. Repeating the argument, we find 
I = Ik and letters bo, ■ ■ ■ , &K--1- This proves the claim. 

Since we have only K letters, there is a letter, say a G A;, such that er*(a) 
appears in two distinct sequences Z; and z,j for all i G I. Fix any i G I. Denote 
by E[i] the integer part of \a i (a)\/2. Note that er l (a)| — > 00. By shifting zi and 
Zd, if necessary, we can assume that a 1 (a) appears in zi and zj in such a way 
that the E[i]-th coordinate of cr l (a) is aligned with zero coordinates of zi and 
Zd- Therefore, the d-distance between the compact sets Zi and Zd is less than 
1/2_EW, £ or an y j g which is impossible. □ 

Remark 5.7. It immediately follows from the proof of Proposition 14.61 that 
the result is still true if we replace the aperiodicity of a by the condition that 
|<7 n | — ► 00 as n — > 00. 
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Definition 5.8. Let a : A — > A + be a substitution, a <E A, k > 0. The words 
of the form a k (a) will be called k-words. Let n > k and (7 n ~ fe (a) = a . . . a m _i 
with aj G A. Then cr™(a) = <r k (a ) . . .a k (a m -i). We will say that the n-word 
a n (a) is naturally decomposed into k-words [a k (ao), ■ ■ ■ , a k {a m -\)]. 

Remark 5.9. Suppose that an n-word cr n (a) is naturally decomposed into 
fc-words [cr fe (o ), . . . , cr k (a m -i)] and into k+ 1-words [a k+1 (c ), . . . , er fe+1 (q_i)], 
i.e., 

a n (a) = a k (a(c )) . . . t7 fe (<7(c ; _i)) = a k {a ) ■ ■ ■ <7 fe (a ro _i). 

Since the decompositions are natural, we get that each letter at appears as 
a factor of some cr(cj). 

The following result shows that each element of X a can be written as a 
concatenation of 1-words. 

Proposition 5.10 Let a : A — > A + be a substitution. Then for every x G X a 
there exist y e X a and i g {0, . . . , |cr(j/[0])| — 1} such that x — T*a(y). 

Proof. I. Take any x g X a . For each n > 1, find m n > n||<7™||. By definition of 
X a , there are g A and k n > such that x[—m n , m n ] is a factor of a kn (v^). 
It is evident that k n > n. Let a kn -"(«(")) = v[ n) . . . v^J with v^ n) g A. Hence, 

the word x[— m n ,m n ] is a factor of the word a n (v[ n ^) . . .a n (v d n ^) — a kn (v^) 
which is considered as the concatenation of n-words. Take the maximal interval 
[in, jn] Q {1, • ■ ■ ! d n } so that the word o- n (v^)a n (v^ +1 ) . . . o- n {v^) appears as 
a factor of x[— m n , m n \. That is 

x[-l n , \*»(vg> . . . vg>)\ - 1 - l n ] = a n (v^ . . . «j:>), 

where l n is defined as the natural position of occurrence of x[0] within the word 
o~ n (v^) . . . cr"(wj"- ) ). Setting w n = . . -Vj™\ we get that 

x[-l n , \a n (w n )\ - 1 - l n ] = a n (w n ) for all n > 1 (7) 

and l n — > oo, (|(7 rl (u>„)| — l n ) — > oo as n — > oo. 

77. For each n and i = i n , . . . , j n , take the natural decomposition of the 
n-word a n {vf^) into 1-words and write down all of these 1-words from left to 
right, say 

ni \ ni M\ ni («)\ / (™) \ ( ( n )\ 

Enumerate these 1-words by the following rule: as all of them naturally appear 
in the sequence x, we set a{y^) to be the 1-word that naturally covers x[0]; 
o~{y^l) is the s-th 1-word on the left of a(y^); and a(y^) is the s-th 1-word 
on the right of cr(yQ^) if s > 0. 
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For every n > 1, define the integer /q < as the position of the natural 
occurrence of 1-word cr(yQ ) within x, i.e., 

III. Considering 1-words <x(yo ) and the positions of their occurrences in x, 
we find an infinite subset Iq C N such that 

Vo = Vo" } and /d™ ) = /o" ) for an Y G J o- 

Then by induction on k, we find an infinite set Ik Q Ik—i C . . . C Iq such 
that 

yf^ = ' for any u, n' E Ik and i = — k, . . . , k. 
This defines a two-sided sequence 

11 — { i/" fc) „(" fc - 1 ) ,,("0 ,,("*) t with T7, f= A, 

Observe that y S ^ and ir = T*cr(y), where i = — /q" ^. □ 





X-3 £-2 




X2 X3 X4 






o-(y-i) 


<r(w>) 







Decomposition into 1-words 

Remark 5.11. As an immediate corollary of Proposition 1 5 . 1 01 we get that 
for any n > and any x <E X a there exists y e X CT and i e {0, . . . , |ct"(j/[0])| — 1} 
such that x = T l a a n {y). 

Definition 5.12. We say that a substitution is recognizable if for each 
x G X a there exist a unique y £ Ac and unique i £ {0, . . . , |c($/[0])| — 1} sucn 
that 

i - Ua(y). (8) 

Remark 5.13. We note that in the theory of primitive substitutions it was 
a long-standing problem to establish the uniqueness of this representation. It 
follows from the works |Hos] or |Que| that under the assumption of bilateral 
recognizability (see [Mosl]) and injectivity of the substitution on the alphabet, 
each aperiodic primitive substitution is recognizable in our sense. However, due 
to the works of Mosse [Mosl] and |Mos2] it became clear that, in fact, each 
aperiodic primitive substitution is recognizable. 

Now we will show that an arbitrary aperiodic substitution is recognizable. 
Our proof involves the usage of Downarowicz-Maass' techniques developed in 
Section [3] So, first of all, we introduce agreeable families of j-symbols. 

Definition 5.14. Let a : A — > A + be a substitution. Set A*_i = A and 
Gi = a, for all i > 1. Denote by Aj the family of j-symbols determined by the 
alphabets {Ai}i>o and the maps {<Ji}i>\ as in Definition 13.21 
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To make the explanation more comprehensible, we will label the boxes from 
a row i of j-symbol [a]j £ Aj by the symbols (J l (b), b £ A, instead of just b £ A. 



b bi 


62 63 




bm-3 b m -2 Pm-1 


cr(co) 


cr(ci) 




cr(cd_i) 




o>{a) 



j-symbol 



Denote by Zj the set of all j-sequences, see Definition 13.71 Let T : Zj —* Zj 
again denote the shift. 

Definition 5.15. For y £ X a and k € Z, denote by [y]\j = {[y(z)]j}i e z the 
j'-sequence obtained by concatenation of j-symbols [j/(£)]jj i 6 Z, where the j- 
symbol [y(0)]j appears in [y]j at the position k. In other words, [y]j is a matrix 
whose j-th row is a concatenation of boxes labeled by a^(y(i)), i £ Z, from left 
to right such that the box labeled by 0^(^/(0)) starts at the column k. 

Denote by Slj the closed shift-invariant subset of Zj generated by all j- 
sequences [y]j with y £ X a and k £ Z. 

The proof of the following lemma is analogous to that of Proposition l5.6i so 
we omit it. 

Lemma 5.16 (fij,T) has no more than \A\ minimal components for any j > 0. 

Now we are ready to show that each substitutional dynamical system without 
periodic points is recognizable. Note that the proof uses the ideas of that of 
Theorem SH 

Theorem 5.17 Each aperiodic substitution a : A — ► A + is recognizable. 

Proof. Assume that a is not recognizable. Then we have a situation which is 
shown on the picture below, i.e., there exist y—±,X-i £ X ai j y £ {0, . . . , |cr(y_i(0))|— 
1}, and j x £ {0, . . . , |o-(x_i(0))| - 1} with y = T^<r(y_i) = T^a(x^) = x 
and j y ^ j x or y_i ^ X-i. 





x(-3) 


x(-2) 


x(-l) 


x(0) 


x(l) 


x(2) 


x(3) 


x(4) 


1(5) 










^(v-i(i)) 






<r(x-i(-l)) 




a(x-i(l)) 





(1) Assume that y_\ = X-\. Hence j y ^ j x . Thus, T 3x er(?/_i) = T J »a-(y_i). 
This shows that cr(y_i) is a periodic point, which is impossible. 
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(2) Thus, y_i 7^ By Proposition 15. 101 we can find for each i > 1 some 
X-i,y~i G X CT such that T ki cr(x^i) = and T li a(y^i) = y-i+i for some 
Zi G {0, . . . , |o-(y_i(0))| - 1} and h G {0, . . . , |cr(x_i(0))| - 1}. Observe that 
x-i ^ i > 1. Set also yi — Xi — <j 1 {xq), i > 1. 

(3) Set X = |A| and L = K 2 + K. It follows from Proposition [3~TU1 that 
there are integers 

< i < jo < ii < h < ■ ■ ■ < il < 3l = M 

such that any pair of M-sequences from £Im with depth ii has no common 
ji-cuts and, therefore, no common M-cuts, I = 0, . . . , L. 
For each i = 0, . . . , M, define M-sequences 

Xi = [x^mYm and Y i = [Vi-m]"m 

(see Definition I5.15| where rii and m, are unique integers such that 

T^a M (xi. M ) =Xi = yt = T^<j M (y^ M ). 

In other words, the M-sequence X, is built by the rule: the row consists 
of concatenated boxes Xi(j), j G Z; the row 1 consists of concatenated boxes 
a(xi^i(j)) aligned in such a way that if we decompose the row 1 into the letters 
we get the equality between rows and 1; and so on; the bottom line is the 
concatenation of boxes {a M (xi-M [j])}, j G Z, such that whenever we decom- 
pose the line M into the letters we get an equality between rows and M. 
Note that the M-symbol a ■ (xj_Af[0]) appears in Xi at the position — m. The 
M-sequence Yi is built up by the same rule. 

(4) It is not hard to see that for each / = 0, . . . , L the pair (Xj, , Y^) has the 
depth i[ and, therefore, has no common Jj-cuts. 

Let E = E(CIm,T) be the enveloping semigroup of ($!m,T), see Definition 
14.71 By definition, Ex — {"f(x) : 7 G E} = Orbrix). It follows that Ex contains 
at least one minimal T-component. It follows from Lemma 15.161 that there is 
at most K minimal T-components, say Zq, . . . , Zk—i- Fix any M-sequence 
Qi G Z h i = 0,...,K- 1. 

For each pair (X^,!^), Z = 0, ...,L, find an element 7,;, G E such that 
7(Xi,) = Q 3 for some Qj, j = 

(4-a) Since 7^ is the pointwise limit of a sequence (T" fc ), the sequences 
TijpTjj) and 7^(5^,) remain ^-compatible. The fact that the pair (X^, Y^,) has 
no common j;-cuts implies that (7^ (Xj, ), 7^ (Y^ )) have no common j;-cuts as 
well. For otherwise, T nk (Xi t ) and T rik (Yi l ) have a common j;-cut for all k big 
enough, which is impossible. 

(4-b) Consider the pairs (j n (X tl ),j ll (Y tl )), I G [0, K 2 + K]. As every 7^ (X, ) 
coincides with some of {Qo, ■ ■ ■ , Qk-i}, we can choose K 2 pairs (7j(Xj,), 7i(3"i,)), 
Z G /, such that 7^ (X i; ) are the same for all Z G /, |/| = K 2 , say 7^ (Xj,) = Qfc 
when Z G /. 

Since each pair (7^ (Xj, ), 7^ (Yj, )) is ^-compatible and has no common ji- 
cuts, the choice of the set / and integers < ia < jo < %l < Jl guarantees 
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us that each pair (Y i[ ), j it , (Yi , )), 1,1' E I and I < I', is O-compatible and has 
no common jV-cuts. 

(4-c) Setting Q\ — 7^ (Y il ) for I € J, we obtain a family {QJ : 1 e /} U 
{Qfc } of K 2 + 1 M -sequences which are 0-compatible and have no common 
M-cuts. Applying Proposition 13. 121 we get that iro(Qk ) is eventually periodic. 
It follows from the minimality of Qk that TTo{Qk ) E X a is periodic, which is a 
contradiction. □ 

For each a S A, set [a] = {x E X a : x — a}. Note that, in general, the set 
[a] could be empty. However, the following result is true even in the case when 
some of the sets [a], a G A, are empty. 

Corollary 5.18 Let a : A — > A + be an aperiodic substitution. Then for every 
n>0 

V n = {T> n ([a]) : a E A and < i < \a n (a)\} 

is a clopen partition of X a . Furthermore, the sequence of partitions {V n } is 
nested. 

Proof. First of all, observe that a n : X a — * X a is a continuous map. It 
follows from Proposition 15.101 that the closed set a n (X a ) meets each T CT -orbit 
and consists of recurrent points. Note that the return time of each <J n (y), 
y E X a to a n (X a ) is at most |cr n (?/[0])|. Theorem 15.171 implies that the map 
er" : X a — > X a is one-to-one and the first return time of each a n {y) E a n (X a ) 
to <j n (X a ) is exactly |cr n (y[0])|. This shows that V n is a finite partition of X a 
into closed sets and, therefore, into clopen sets. The fact that the sequence of 
partitions {Vn} is nested is proved in [DHS, Proposition 14]. □ 

Remark 5.19. Observe that, in general, the sequence of K-R partitions 
{Vn} may not generate the topology of X a . 



6 Stationary Bratteli-Vershik systems vs. ape- 
riodic substitutions 

In the section we show that the class of aperiodic substitutional systems coincide 
with the class of expansive Vershik maps of stationary ordered Bratteli diagrams. 

We recall that Bratteli-Vershik models of substitutional dynamical systems 
were constructed for primitive substitutions in the papers |Forj and [DHS] . We 
also refer the reader to the papers [CE1] . [CE2] . [Yualj . and |Yua2j . where 
related topics such as various dimension groups and invariant measures for sub- 
stitutional dynamical systems are considered. It is worthwhile to mention the 
pioneering paper by Ferenczi |Fer| where the study of substitutions on infinite 
alphabets was initiated. We observe that these systems can be thought as ape- 
riodic homeomorphisms of zero-dimensional Polish spaces. 
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6.1 Prom Bratteli diagrams to substitutional systems. 

We start this subsection with the definition of a stationary Bratteli diagram. 

Definition 6.1. (1) A Bratteli diagram B = (V,E) is stationary if k = 
\Vi\ = \Vi | = ... and if (by an appropriate labeling of the vertices) the incidence 
matrix between levels n and n + 1 is the same kxk matrix C for all n = 1,2,.... 
In other words, beyond level 1 the diagram repeats. Clearly, we can label the 
vertices in V n as V n {a\), . . . , V n (<Xfc), where A = {ai, . . . , a^} is a set of k distinct 
symbols. 

(2) A Bratteli diagram B = (V,E,<) is stationary ordered if (V,E) is sta- 
tionary and the ordering '<' on the edges with range V n (a,i) does not depend 
on n > 2, for all i = 1, . . . , k. 

(3) Let B = (V,E,<) be a stationary ordered Bratteli diagram and V„ 
denote the set of vertices at level n, n > 0. Choose a stationary labeling of 
V n by an alphabet A, i.e. V n — {V n (a) | a £ A} for n > 0. For every letter 
a £ A, consider the ordered set (ei, . . . , e/.) of edges that range at V n (a), n > 2, 
and let (ai, . . . , a*,) be the ordered set of the labels of the sources of these edges 
with respect to the ordering '<'. The map a i— > ai...afc from A to A + does 
not depend on n and therefore determines a substitution called the substitution 
read on B. 

The following result shows that stationary diagrams can have only a finite 
number of minimal and maximal paths. See also Propositions 14.61 and 15.61 for 
similar results. 

Proposition 6.2 Let B = (V,E,<) be a stationary ordered Bratteli diagram. 
Then B has a finite number of minimal and maximal paths. 

Proof. Let a be the substitution read on B. Set 

Aq = {a 6 A : there is n > (c™(a) begins with a)} 

and 

A\ = {b e A : there is n > (a n (b) ends with b)}. 

For each a £ Ao, let n a be an integer such that a Ua (a) begins with a. Analo- 
gously, for each b G A\, let rib be an integer such that a nb (b) ends with b. 

Setting p = YiaeAo Ha x IlbeAi Ub ' we see * na * f° r an y c G ^ the word c n (c) 
begins (ends) with c for some n > if and only if c p (c) begins (ends) with c. 

Now consider a minimal path x of B. Since we have exactly |A| vertices at 
each level, we can find a letter a £ A and an infinite set I C N such that x goes 
through the vertex a at levels fc with k £ I. In particular, this means that cr p (a) 
begins with a. We can write down each k £ I as 

k = ph + fnu with Zfc > and < < p. 

Find an infinite set JC / such that to^ = my for fc, fc' G J. It follows that x 
goes through the vertex labeled by a at levels m + np, n > 1, where m = 
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for some k G J '. This, in particular, shows that there is only a finite number of 
minimal paths. The proof of the result for maximal paths is analogous. □ 



The following proposition shows that the expansiveness of Vershik maps 
defined on stationary Bratteli diagrams is already seen at the first level. 

Proposition 6.3 Suppose that B = (V,E, <) is a stationary Bratteli diagram 
with continuous Vershik map. If x and y from Xb are \- compatible, then for 
any i > 1 there exists a pair of i- compatible elements. In particular, this means 
that such a Vershik map is not expansive. 

Proof. We consider a map / : Xb — > Xb, which was originally defined in 
[DHSJ. For x G Xb, let x n be the label of the edge between levels n — 1 and 
n the path x goes through. For all n > 3, let y n be x n -\ and (2/1,2/2) be the 
minimal path connecting iio and 5(2/3). Set f(x) = y, where y = (2/1,2/2, • • •)■ 

Now it is not hard to see that if z\ and Z2 are 1-compatible, then f l (zi) and 
f % {z2) are i-compatible. □ 

The following theorem generalizes the main result of DHS to any aperiodic 
Vershik map. 

Theorem 6.4 Suppose that (Xb,^>b) is an aperiodic Bratteli- Vershik system 
with B a stationary ordered Bratteli diagram and Xb is perfect. Then the system 
(Xbt^b) is homeomorphic to an aperiodic substitutional dynamical system if 
and only if no restriction of ifB to a minimal component is isomorphic to an 
odometer. 

Proof. (I) Assume first that the diagram B has only single edges between the 
top vertex and the vertices of the first level. Let A be the labeling of vertices of 
B as in Definition 16.11 and a : A — > A + be the substitution read on B. Define a 
map 7r : Xb — > A z as follows 



Observe that ir — 7Ti, where ~k\ maps each x £ Xb to the row 1 of its matrix, 
see Section!?] Clearly, 7r is continuous and 



where T is the shift on A z . 

(1) We claim that tt(Xb) C X a . Indeed, to check this, it is sufficient to 
prove that for every x S Xb and any n one has n(x)[—n, n] £ L(o~). 

Assume that x G Xb is cofinal neither to a maximal nor to a minimal 
path. Let [x] denote the matrix that is obtained by concatenation of j-symbols 
determined by x, see Section 2) Then there is j > such that the j-symbol, say 
v, from [x] crossing column 'covers' coordinates [— n, n] of the first line. This 
implies that 7r(x)[— n,n] is a factor of o~ 3 (v). 

By Proposition 16.21 the diagram has only a finite number of maximal and 
minimal paths. Since Xb is perfect, the set Xb \Orl)j, B (I max UX m i n ) is dense 
in Xb. It follows from the continuity of ir that tt(Xb) Q X a . 



TT(x) k 



a if and only if <p%{x) passes through V\(a). 



7T O (fB = T O 7T, 



(9) 
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(2) We assert that tt(Xb) is dense in X„. Indeed, consider the cylinder set 
C = {x £ X a : x[n,n + |<t j (a) — 1] = c J (a)} with s £ 4, j > 1, and n £ Z. 
By Proposition l5.101 such cylinder sets generate the topology on X a . Thus, we 
need to show that there is x £ Xb such that w(x) £ C. Observe that by ©, it 
is sufficient to find x £ Vb and k £ Z such that 7r(x)[fc, fc + |<r 3 '( a )l — 1] = cr "' ( a )- 

Let (yi, . . . ,tjj) stand for the minimal path connecting vo to Vj(a). If x £ 
U (yi , . . . , yj ) , then the j-symbol [a]j appears in the matrix [x] at the coordinate 
0. Therefore, tt(x)[0, |cr J (a) - 1] = a j (a). 

(3) It follows from the continuity of tt that tt(Xb) = X„. Thus, (X^T^) is 
a factor of (Xb, Vb)- 

(4) Suppose that the restriction of (fB onto one of its minimal components 
is homeomorphic to an odometer. Then ips is obviously non-expansivqj. Due 
to the fact that each substitutional dynamical system is expansive, the homco- 
morphism (fB cannot be homeomorphic to a substitutional systems. 

Conversely, if none of the restrictions of tfB to minimal components is home- 
omorphic to an odometer, then by Theorem 14.81 (Xb,<Pb) is expansive. By 
Proposition 16. 31 the map n is injective. This shows that (Xb,<Pb) and (X a ,T a ) 
are homeomorphic. 

(II) Now, let B be an arbitrary ordered Bratteli diagram with the expansive 
aperiodic Vershik map (ps '■ Xb — > Xb- There are two ways of realization 
of (Xb,(Pb) as a substitutional dynamical system. The first one is to build 
a diagram equivalent to B that has only simple edges on the first level, and 
then apply part (I). The second one is to construct the substitutional dynamical 
system directly from the diagram B. We will exploit the second approach which 
was first applied in [DHS, Proposition 23] for primitive substitutions. 

(1) Denote by A the labeling of vertices from V n (n > 1) as in Definition 
16.11 For each vertex a £ A, let n a be the number of edges between the vertex 
Vi(a) of the first level labeled by a and the top vertex w . 

Denote by D an ordered Bratteli diagram that coincides with B everywhere, 
but has only one edge between each vertex Vi(a) and the top vertex vq. Let ifu 
be the restriction of the Vershik map ips to X^, considered as a clopen subset 
of Xb- Note that (Xd,^>d) is an induced system of (Xb,<Pb)- It was proved 
in (I) that (Xdj^Pd) is homeomorphic to the substitutional dynamical system 
(X a ,T a ), where a is the substitution read on D. 

(2) Set m a = \a(a)\, a £ A. Since the Vershik map ipo is aperiodic, we 
obtain that \a n \ — > oo where the substitution a is read on the diagram D. 
Thus, we can assume, substituting a power of a for a if needed, that m a > n a 
for every a £ A. 

Let (X±,T) denote the factor of (Xb, <Pb) obtained by 1-sequence coding of 
elements of Xb, see Section SJ Let 

Bi = {[a]i(i) : a £ A, i = 0, . . . , n a - 1}. 

2 It can be deduced, in particular, from Theorem 5.23 of | Wal[ and the existence of 
Kakutani-Rokhlin partitions for the system that generate the topology. 
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One can see that (Xi,T) is a subshift over the alphabet B\. By Proposition l6.31 
the factor map m : Xb —* X\ is injective, so the systems (Xi, T) and (Xb, <Pb) 
are homeomorphic. Consider the clopen set of X\ 

u= (JH(O). 

Clearly, the return time of any point from [a]i(0) to U is n a . We observe 
that (X a ,T a ) is homeomorphic to (Xi\u ,Tjj) and the homeomorphism is im- 
plemented by the map £ : A — > where £(a) = [a]i(0) . . . [a]i(n a — 1) . 

(3) Define the alphabet E := {(a,i) : a E A, < i < n a — 1} and the map 
ip : A -> by 

V'(a) = (a, 0)(a, 1) . . . (a, n a - 1). 
Let r : _E — > _E + be a substitution given by 

, f tp(a(a)i) if 1 < i < n a - 1 

\ ^W«)K-i,mj) ifi = n tt -l. 
Take any a G A, then r{ij){a)) = r(a, 0) . . . r(a, n a — 1) = i/;(a(a)). Therefore, 

r™ otp = ip oa n for any n > 0. (10) 

For the substitution er read on the diagram and every a £ A there are b G A 
such that a occurs in cr(b), say, at position i. Therefore, ip{ a ) = - 0( f7 (^)i) is a 
factor of r((b,i)). Thus, ip(a) G L(t) for every a E A. By (p~0|) . we have that 
Tp(L(<r)) ^=L{t)- This shows that ip(X a ) C X T . 

Consider the clopen subset Q of X T given by 

Q = U 

Clearly, 0pf CT ) C Q. 

It follows from Proposition 15 . 101 that for every x G X T there are z G X T and 
< k < \t(z[0])\ such that x = T^t(z). Therefore, by definition of r, for every 
x G X T there exist y e A z and < k < \tp{y[0])\ such that x = T*ip(y). The 
definition of ip implies that such y and fc are unique. 

Consider any x G Q. Take the unique y G A z such that V'(y) = x - It follows 
from the definition of X T that every ijj(y[—k, k}) is a factor of r"((a, i)) for some 
(a, i) G -E. Let a = (7(6)^ for some b G A and j = 0, . . . , mj — 1, i.e., (a, i) -< 
V>(cr(6)). It follows that T n ((a,i)) is a factor of r" o V(o"(6)) = ijj(a n+1 (&)). 
Therefore, 

^(2/[-fc,fc]) ^ 

The definition of implies that if « / i« where v,w G A + , then 
ip(w). Hence y[—k,k) is a factor of er™ +1 (6). Therefore, y G X CT and ip(X a ) = 
Q. This shows that -0 implements an homeomorphism between (X a ,T a ) and 
(X t |q, (T t )q). The following diagram illustrates the relation between the sys- 
tems. The downward arrows shows that the underlying system is an induced 
system of the overlying one. 
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(Xi,T) i (X b ^b) s (Xr j Tr) 

Observe that the return time of all points from [V'(a)], o 6 4, to Q under 
the action of T T is ra a . Thus, the map p : E — > £?i given by p((a,i)) — [a]i{i) 
implements an homeomorphism between (X T ,T T ) and (Xi,T) = (Xb,<Pb)- O 

6.2 Prom substitutional dynamical systems to Bratteli di- 
agrams. 

In this subsection we show how one can construct a Bratteli- Vershik model for 
aperiodic substitutional dynamical systems which satisfy the nesting property 
(see Definition 16. 5p . We present a technique applicable for a wide class of sub- 
stitutions including those with \o~ n \ — > oo and various Chacon- like substitutions. 

Let u '. A — ► A + be a substitution. Denote by Ai the set of all letters a G A 
such that |<7 n (a)| — ► oo as n — > oo. Set also A s = A \ Ai. 

Definition 6.5. We say that a substitution a : A — > A + has a nestm^l 
property if either (1) for every o £ Ai the word cr(a) starts with a letter from A; 
or (2) for every aeii the word a (a) ends with a letter from A\. 

Theorem 6.6 Let a : A — > A + &e an aperiodic substitution with nesting prop- 
erty. Then the substitutional dynamical system [X a ,T a ) is homeomorphic to 
the Vershik map of a stationary Bratteli diagram. 

Proof. For an alphabet B, let B* denote the set of all words over B including 
the empty word. 

(1) By Proposition 15.51 find M > such that any word W £ L(X a ) with 
\W\ > M contains a letter from Ai. Set 

V = {W e L{X a ) : w = v 1 S 1 v 2 S 2 v ?n vi,v 2 , v 3 G At, and S u S 2 G A* s }. 

Since no block S G Af n L(X a ) can have the length greater than M, the set V 
is finite. 

Since the substitution a has the nesting property, we have that either (i) all 
words o~(a) start with letters from Ai for every a G Ai, or (ii) all words cr(a) end 
with letters from Ai for every a G Ai. 

In the first case we define the sequence of K-R partitions as follows 

3„ = {T^ n ([v 1 S 1 .v 2 S 2 v 3 }) : v 1 S 1 v 2 S 2 v 3 G V, < i < \a n (v 2 S 2 )\}, n>0. 

3 We use the term 'nesting' as a natural sequence of K-R partitions for these substitutional 
systems is nested, see the proof of Theorem 16.61 
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In the second case we set 

H; = {T^a n ([v 1 .S 1 v 2 S 2 v s }) : v 1 S 1 v 2 S 2 v 3 eV,0<k \a n (S lV2 )\}, n > 0. 

We will consider in the proof of the theorem the first case only. The other 
case is proved analogously. 

(2) We claim that {2„} is a nested sequence of clopen K-R partitions. In- 
deed, assume that 

T*a n ([v Vi . . .v s \v s+1 . ..Vg-i]) C\T° a a n ([w . . .w k \w k +i ■ ■ ■ «V- 1]) ^ 0, 

where < i < \<r n (v s+ i . . .v q - 2 )\, < j < \a n (wk+i ■ ■ - w r ^ 2 )\, the letters 
v o, v s +i, v q -i, Wo, Wfc+i, Wr-i belong to Ai, and the remaining letters v t ,w t are 
taken from A s . 

Then there exist y G [vq . . . v s \v s+ \ . . . v q -x] and z G [wq . . . Wk\wk+i ■ ■ ■ w r ^{\ 
with T l a n {y) = r%"(z). By Theorem [CT7] and the definition of V, we get that 
y = z and i = j. This implies that q = r, k = s, and v t = w t for t = 0, . . . , q — 1. 
Thus, S n is a K-R partition of X a . Notice that, by continuity of a n , all the sets 
T*cr n ({viSi.v 2 S 2 V3]), viSiv 2 S 2 vs G V, are closed. Therefore, they are clopen. 

Applying a to any W — ViSi \v 2 S 2 vs G V, we get a representation 

a{W) = W ?fV . . . W (X } |«,« *f . . . 4 2 X 2 M 3 ^ • ■ ■ -fX 3) 

with w[ } e A;, and G A*. Here cr(w J S , J ) = w^F^ . . . w^if where j = 

1,2,3 and S3 = 0. Since er has a nesting property, we obtain that u; x ^ 0. This 
representation shows that the T CT -tower from S„ with base a n (\viS\.v 2 S 2 V3\) 
consequently intersects the T CT -towers of S„_i with bases: 

^(kXM^M^), ^[v&ltf>.vj®ltf>v,?]),..., 

In particular, we obtain that i?(S„) C _B(S„_i) and {S„}„>o is a nested se- 
quence of K-R partitions. 

(3) We claim that the partitions {S„}„>o generate the topology of X a . 
Observe that it suffices to show that the function £[_ m . m ], m > 0, is constant 
on each element of partition {S„} for n big enough. To see this, choose n such 
that 

min{|cr"(a)| : a G Ai} > m. 

Fix a word W = (viSiv 2 S 2 v 3 ) G V and < k < \a n (v 2 S 2 )\. For each 
x G T k a n ([v 1 S 1 .v 2 S 2 v 3 \), there exists y G [v 1 S 1 .v 2 S 2 v 3 ] such that x = T k a n (y). 
It follows that the word <J n (v 2 S 2 v 3 ) is a prefix of a n (y[0, 00)) and ^"(u!^!) is a 
suffix of a n (y(— 00, — 1]). Therefore, 

C 7«(y)[-i, J R) = C 7™( Ul 5 lU2 S 2U 3), 
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where L — \& n (v\S\)\ and R = \(y n {v2S2V^)\. Thus, we obtain 

x \-m,m\ — ° n { v \S\ v 2S2Vz)[L+k-m,L+k+m)i 

which does not depend on x, but only on k and the word W. 

Now it follows from Theorem 12.71 that the substitutional system (X^Ta) 
is homeomorphic to the Bratteli-Vershik system (Xb,<Pb), where the ordered 
Bratteli diagram B is constructed by the sequence of K-R partitions {5 ra } n >o. 
The fact that the diagram B is stationary has been proved in (2). □ 

Example 6.7. Consider the Chacon type substitution on the alphabet 
A = {0, s, 1} given by cr(0) = OOsO, a{s) = s, and ct(1) = 0110. Define the set V 
as in the proof of Theorem 16.61 Then V consists of the words tui, . . . , w$, where 

wi = 0.00 w 2 = Os.00 w 3 = O.OsO w 4 = Os.OsO 
w 5 = 1.00 w 6 = 0.11 w 7 = 0.01 w 8 = 1.10 

Here the dot separates the negative and non-negative coordinates as in the 
definition of K-R partitions {S„} in Theorem 16.61 To construct the Bratteli 
diagram, we need to trace the orbits of each base u n [wi], i = 1, . . . , 8. In other 
words, we need to list all T CT -towers which are intersected by a n [wi\. This is 
achieved by decomposing each word a(wi), i = 1, ... ,8, into the letters and 
analyzing the occurrence of long and short letters. We clarify the above scheme 
by considering the set a n [w4\. Decompose cr(u>4) into the letters: 



a(wi) = s 







U>4 












s. 








s 


s 




w 3 





This shows that the base <7™[w4] consequently meets the bases a n ~ 1 [w2], 
cr I1_1 [w3], and a n ~ 1 [w4 : }. We denote this correspondence by u>4 i— » W2W3W4. 
Repeating this argument for every set a n ([wi]), we get the following matching 
rule 

Wi I— > W1W3W2 
U>2 l-> W2UI3W2 

W3 1— > W1W3W4 

U>4 I— > W2W3W4 

t : < 

W5 1— * W1W3W2 

W 6 H-> W 7 W 6 W$W 5 
Wi I— > W1W3W2 
w 8 i-> W 7 W 6 W$W 5 

It follows from the proof of Theorem 16.61 that the system (X a ,T a ) is con- 
jugate to the Vershik map of the following stationary ordered Bratteli diagram 
determined by the rule r, i.e., r is the substitution read from B. 
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Notice that by Theorem 16.41 the systems (X a ,T a ) and (X T ,T T ) are conjugate. 
See also Example 17.141 for another Bratteli-Vershik model of (X a ,T a ). We also 
mention the work |GjJo[ Section 4.2] where the authors presented a Bratteli- 
Vershik model for the minimal component of the system (Xo-jTo-). 

7 Derivative substitutions 

In the section, we study a generalization of the notion of derivative substitutions 
which was defined in |Dur| and [DHSj for primitive substitutions. We show that 
this notion works also for non-primitive substitutions. 

To make the exposition clear and abandon some pathological situations, 
we restrict our study to the class of substitutions, which we call m-primitive. 
However, the results can be applied to more general class of substitutions, for 
example, for the Chacon type substitutions. 

Definition 7.1. Let in > 0. We say that a substitution a : A — > A + is 
m-primitive if we can decompose the alphabet A = A\ U . . . U A m U Aq with 
\Ai\ > 2, i = 1, . . . , m, and 

(a) a(Ai) C A~*[ and cr\Ai is primitive for every i = 1, . . . ,m; 

(b) for all a E A there exists a letter b £ A\ U . . . U A m and i > with 
b -< aHa). 

(c) L(a) = L(a k ) for every k > 1. 

(d) A C L{X a ). 
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Given an m-primitive substitution a : A — > A + , define the matrix of the 
substitution M(a) = {M{a) a ^) a ,b^A as follows: M(a) a ,b is the number of oc- 
currences of b in <j(a). Then the matrix M(a) is of the form 



/ Mi O O ... O O ... O \ 

O M 2 O ... O O ... O 

O O O ... M m O ... O 

Pl,l Pi, 2 Pi, 3 ■ ■ ■ Pl,m Pl,m+1 ■ ■ ■ Pl,m+q 

P2,l P2,2 P2,3 ■ ■ ■ P2.m P2,m+1 ■ ■ • P2,m+q 

\ Pn,l Pn,2 Pn,3 ■ ■ ■ Pn,m Pn,m+1 ■ ■ ■ Pn,m+q / 

where O denotes a zero matrix, the matrices Mj, i = 1, . ..,m, are primitive, 



and for each j = 1, . . . ,n there is a power k of M such that at least one of the 
entries , . . . ,Pjm from M k is not zero. We notice also that \a n \ — > oo. 

By Proposition [5?ni the number of minimal components of the substitutional 
system (X a ,T a ) is bounded by \A\. However, for the class of m-primitive sub- 
stitutions, the set of all minimal components admits a complete description. 

Proposition 7.2 Let a be an m-primitive substitution. Then (X a ,T a ) has ex- 
actly to minimal components, which are 

Zi = {x G X a : x\_ n>n ] is a factor of some cr m (a), a € Ai}, 

i = 1, . . . , m. 

Proof. The fact that Z^, i = 1, . . . , m, are minimal components is well-known 
[Que]. We will show that there are no others. For each Zi, we can find Wi £ Z.- L 
and pi > such that a Pi (wi) = tOj, see for example |Que[ Chapter V]. Without 
loss of generality, we may assume that u{uii) — Wi for all i = 1, . . . , m. We also 
assume that all letters from Ai appear in o~(a) for every a € Ai, i = 1, . . . , m. 

Take any n > 0. For every x G X a , there is a S A such that the word 
<j n+2 (a) appears in x. Find b d Ai that appears in cr(a) for some i — 1, . . . , m. 
Therefore, the word cr n (t(;i(0)) appears in x. Find 1 < i$ < m and an infinite 
set / C N such that the word a n (wi (0)) appears in x for all n G /. This implies 
that the closure of the orbit of a; contains the point Wi . Hence, Orbx^ix) 3 Zi . 
This proves the result. □ 

Remark 7.3. Note that {X a , T a ) has a periodic point iff (Zi,T a ) is periodic 
for some i. Observe also that there is an algorithm that decides whether a has 
periodic points or not, see, for example, the book [Kurj or references in [DHS]. 

7.1 Return words and proper substitutions 

Let a : A — > A + be an m-primitive substitution. Here we assume that (X a ,T a ) 
has no periodic points. By Proposition [721 we g e t that the system {X a ,T a ) has 
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exactly m minimal components Zi,...,Z m . By standard arguments, we can 
find Wi G Zi and pi > such that a Vi (wi) = Wi |Que[ Chapter V]. Without loss 
of generality, we can assume that er(wi) = to, for all i = 1, . . . ,m. Notice also 
that OrbT a (wi) = Zi for each i = 1, . . . , m. 

Set ?-j = 1] an d h = wjO] for i = 1, ...,m. Observe that each word 
cr(r,) ends with n, whereas every word a(k) begins with l i: for alH = 1, . . . , m. 

Consider the clopen sets [rj.Zj] := {x G X a : x[— 1] = fj, x[0] = /i} and 
define 

m 
z=l 

Proposition 7.4 T/ie set meets each T a -orbit and consists of recurrent 
points. Furthermore, the return time to W is bounded. 

Proof. Take any x G X a and consider Z[x) = OrbT a {x). Since Z(x) is a 
To-invariant closed subset of X a , it contains one of the minimal components 
i — l,...,m, say Zi . Therefore, [T"i .?i ] meets the orbit of x. Hence 

X a = {Jnez T v W - B y compactness of X a , we see that X a = \J k n =o T v W for 
some k > 0. This shows that W consists of recurrent points. □ 

Definition 7.5. We say that w G L(X a ) is a return word if there exists 
1 < i, j < m such that 

(i) nwlj G L(X a ); 

(ii) the first and last letters of w are ^ and r, , respectively; 

(iii) no word from {fi/i, . . . , r m l m } appears in w. 

Let 1Z denote the set of all return words. In view of Proposition 17.41 the set 
TZ is finite. Let us enumerate the return words in an arbitrary way and denote 
N = {1, 2, ... , card(lZ)}. Let (f> : Af — > TZ be an "enumeration" map. 

The proof of the following proposition is trivial, so we omit it. 

Proposition 7.6 The maps <fii : N + — » A + and 4>2 '■ N z — * A 1 induced by 4> 
are one-to-one. 

Take any return word w G TZ. Decompose it into letters w — W\ . . .Wk- By 
definition of return words, w\ — U and Wk = Tj for some and riwlj G L(o~). 
Therefore, a(ri)a(w)a(lj) G L(a). Since a(ri) ends with ri, whereas every word 
a{h) begins with k, we have that ri(j(w)lj G L(a). So, the word a(w) appears in 
the word riO~(w)lj between occurrences of r-jJ-i and rj.lj. Thus, by Proposition 
17.61 a(w) = di,...,d q can be uniquely written as a concatenation of return 
words di. 

Definition 7.7. Define the substitution r : TZ — » 7?. + by r(w) = d\ . . .d q , 
where d\ . . . d q is the unique decomposition of o~(w) into return words. The 
substitution t is called the derivative substitution of a. 

Notice that 

The following result justifies the name of the derivative substitution. 
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Proposition 7.8 The substitutional dynamical system (X T ,T T ) associated to 
t 7Z — > 1Z + is homeomorphic to the system induced by (X a ,T a ) on the cylinder 

setW = \JZihM- 

Proof. By Proposition [7751 we have that : 1Z 1, — * A z is one-to-one. 

(1) 4>(X T ) C X a . Indeed, consider any x — (xi) G X T . By definition of X T , 
for every n > 0, there are w G 1Z and an integer m > such that x\- n n i is a 
factor of T m (w). It follows that <fi(x[- n ,n]) is a factor of <fioT m (w) — a m o<p(w). 
Since <fi(w) G we get that <f)(x\_ n ^) G £(c) for every n > 0. 

(2) It is clear that <j)(X T ) C W. 

(3) 0(^Lr) = W\ Indeed, take any z G W 7 . By Proposition I7.4[ we can 
decompose z into a concatenation of return words z — . . . 4>{x[— \\)\4>{x[Q\) . . .. 
We must show that x — (x[i\) G X T . By the definition of X a for any n > 
there are k > and a G A such that 0(x[— n, n]) -< a k (a). Take a return word 
w E 1Z such that the letter a is a factor of <fi(w). Therefore, 

(f>(x[-n,ri\) -< a k (a) < a k (4>{w)) = (f>(T k (w)). 

It follows from the definition of <f> that x[— n, n] is a factor of r k (w). 

(4) If x G X T and z = <p(x), then the first return time of z to W is n = |</>(a:o)|- 
Thus, the image of z by the first return time transformation is T™z = <j)(T T x). 
This proves the proposition. □ 

Now we introduce the notion of a proper substitution. Our motivation to 
bring in this notion comes from the paper [DHSJ, where proper substitutions 
were indispensable for the Bratteli diagram construction. However, our defini- 
tion of proper substitutions differs from that of [DHS] . The key concept which 
we put behind this notion is that for proper substitutions (for both definitions: 
ours and from |DHSj ) the sequence of K-R partitions {V n } defined in Corollary 
I5.18I generates the topology. 

Definition 7.9. Let a : A — > A + be a substitution. We say that a is proper 
if there is p > such that for every letter a G A, the first letter of tr p (6), with 
b G A and ab G L(X a ), does not depend on b; and the last letter of c p (c), with 
c G A and ca G L(X a ), does not depend on c. □ 

Remark 7.10. Observe that if a substitution is proper in the sense of 
[DHS], then it is also proper by our definition. 

Proposition 7.11 The derivative substitution t, defined by an m-primitive 
substitution, is a proper aperiodic m-primitive substitution. 

Proof. Denote by IZi the set of all return words that appear in the fixed point 
Wi, i = 1, . . . , m. We will identify the elements of 1Z with their counterparts 
in L(X a ) (see Definition ESJ) . Set also TZ = TZ \ (Tlx U . . . U 1Z m ). To verify 
that r : IZi — > Ti,f is a primitive substitution, we refer the reader to the proof 
of Lemma 21 from [DHS] . 
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Denote by tij the return word that appears first (if we are counting right- 
wards) in the fixed point w;, i = 1, . . . , m. That is Vi is a prefix of (wj)[o.+oo) ■ 
Find n > such that 

|er n | > max (12) 

i— l,...,m 

It follows that Uj/j is a prefix of a n (Ji). Take any return words w and u>' with 
ww' G £(t). By definition, r; is a suffix of w for some io = 1, • ■ ■ > TO - Therefore, 
the word u/ begins with ij . So a n (li ) is a prefix of cr n (w'). This implies that 
Vi li is a prefix of o~ n (w'). This means that Vj D is the first return word in o~ n (w'). 
That is T n (w') begins with Vi . Thus, the first letter of T n (w') does not depend 
on w' , but only on w. 

The same argument works to show that the last letter of T n (w') with w'w E 
L{t) depends only on w for n large enough. 

Now consider any w E TZq. Then the first letter of w is U for some i = 
1, . . . , m. It follows that T n (w) contains Vi, where n is as in (p~2|) . □ 

To prove the following result, we use Proposition 14 from [DHSJ. 

Proposition 7.12 Let a : A — > A + be an aperiodic proper substitution such 
that \a n \ — » oo. Then the sequence of partitions {V n } defined in Corollaru \5.18\ 
generates the topology of X a . 

Proof. Let p > be an integer as in Definition 17.91 of proper substitutions. 
Given an integer m > 0, we claim that for n sufficiently large the function 
X[~m,m] is constant on each element of partition {V n }- Choose n so large that 
\a n ~P\ > m. 

Fix a e A and < k < \cr n (a)\. For each x £ T k a n ([a]), there exists 
y € X a such that j/o = a and x = T k a n (y). The word a n (a)a n (yi) is a prefix 
of er™(y[o,oo))- By definition of proper substitutions, the first letter of a p (yi), 
say /, does not depend on yi (it depends only on the letter a). It follows that 
a n (a)a n ~ p (l) is a prefix of cr"(yr 0)OO \). Similarly, there is r e A that depends 
only on the letter a (not on y) and such that a n ~ p (r) is a suffix of a n '(V(-oo.-i])- 
Therefore, 

<J n (y) W) =a n - p (r)a n (a)a n - p (l), 
where i? = |cr"~ p (r)| and L = \cr n (a)\ + \a n ~ p (l)\. Thus, we obtain 

x[-mjn] = <r n ~ p (r)o- n (a)o- n ~ p (l)[R + k-m,R+k+m)-> 

which does not depend on x, but only on k and a. □ 

Now, we are ready to present a general approach for construction of Bratteli 
diagrams for m-primitive substitutions. To build a Bratteli- Vershik model for 
a, it is sufficient to construct a Bratteli diagram for r and then add some edges 
to the first level. 

Theorem 7.13 Let a be an m-primitive aperiodic substitution over an alphabet 
A with derivative substitution r. Let B = (V, E, <) be the stationary ordered 
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Bratteli diagram built by the matrix of the substitution t where t is read on B. 
Suppose also that B has \w\ edges between the top vertex and the vertex defined 
by the return word w S TL. Then B admits a continuous dynamics (Xb,Tb) 
which is homeomorphic to (X^Ta). 

Proof. Let B' be the stationary Bratteli diagram built by the matrix of the 
substitution r with simple edges between the top vertex and vertices of the first 
level. By Proposition l7. 1 fi r is a proper substitution. It follows from Proposition 
17.121 and results of Section [2] that the Bratteli diagram B' admits continuous 
dynamics (Xb> , ^b 1 ) which is homeomorphic to (X T , T T ). Then the application 
of Proposition 17.81 yields the result. □ 

Example 7.14. Let a be the Chacon type substitution defined in Example 
16.71 Note that the system (X,j,T a ) has only one minimal component which is 
generated by the fixed point 

w = limo-"(0).er"(0) = . . . OOsOsOOsO.OOsOOOsOsOOsO . . . 

n 

Though a is not an m-primitive substitution, the technique developed in the 
section can still be applied to build a Bratteli- Vershik model of (X^Ta). 
Consider the set of all return words H. One can check that 

Tl = {vi = 0, v 2 = OsO, v 3 = OsOsO, v 4 = 0110}. 

Find the unique decomposition of each o~(yi) into return words 

a(vx) = 0|0s0 = viv 2 

o~{v2) = 0|0s0s0|0s0 = V1V3V2 

a(v 3 ) = 0|0s0s0|0s0s0|0s0 = v lV3 v 3 v 2 

cr(w 4 ) = 0|0s0|0110|0110|0|0s0 = v^v^v^ 

Thus, the derivative substitution r : 1Z — »• 1Z + is defined by t{v\) — viv 2 ] 
t(v 2 ) = v\v 3 v 2 \ t(v 3 ) = viv 3 v 3 v 2 ; and r(w 4 ) = viv 2 v 4 v 4 viv 2 . Clearly, the 
substitution r is proper and |r n — > cxd. By Theorem 17. 131 the system (X a ,T a ) 
is conjugate to the Vershik map of the following stationary ordered Bratteli 
diagram: 
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Appendix: Description of the phase space X G 

Here we give a combinatorial description of the phase space X a of a substitu- 
tional dynamical system assuming that \a n (a)\ — > oo for all a E A. 

A. Denote by A the set of all sequences s = {(a n , b n )} n >o such that a n b n £ 
L{a) and a n appears at the (\a(a n +i)\ — l)-th position of <r(a n+ i) and b n 
appears at zero position of a(b n+ i). 

B. Denote by M. the set of all sequences to = {(a , io), (ai, h), ■ ■ •} such 
that a,j E A and ij is a place of occurrence of aj-\ in <j{dj), ij G 
{0, 1, ... , \a n (aj)\ — 1}. We assume that i = 0. 

For a fixed m, define inductively a sequence {j„} as follows: jo = i = 
and 



jn+1 = { k n (4 n+1) )l + -" + k n (^l)l+Jn ifin+l>l, (A-1) 
\ jn if in+1 = 0, 

, / \ (n+1) (n+1) ', L (n+1) _ 

here a(a n+1 ) = a y a\ . . . a^J^^ with a] £ A. 

C. Denote by Mo the set of all to for which j n — > oo and (|cr"(a„)| — j„) — > oo 
as in oo. 

Construction of sequences from X a 
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• For every sequence s = {{a n , 6„)}>o G A, define the sequence w — w(s) G 

W[-|a»(o n )|,| -»(6 n )|-i] = <J n (a n ).a n (b n ) for all n > 0. (A. 2) 

• For every m G A4o, define the sequence to = w(rn) by 

^[-j„,k"(a n )|-j»-i] = o-"(a n ) (A. 3) 

(it is easily seen that the sequences ttf(s) and u>(to) indeed belong to X a ). 

Let us recall that T a : A^ — ► A z denote the shift. The next theorem describes 
the phase space of an arbitrary substitution a. 

Theorem A.l Let a : A — > A + be a substitution with \a n \ — > oo. (%) 

X ff = {w(m) : m e 7W } U |J Or6 T(7 (w(s)) (A.4) 

(^J ifte set {uj{s) : s G A} is finite. 
(3) If a is aperiodic, then 

oo 

fl a n {X a ) = {w(s) : s G A}. 

n=0 

Proof. (1) It follows from Remark 15.111 that for every t G X a , there exists a 
sequence T = {(#„, (y„, £„), z n )} n > such that 

G A and x n y n z n G L(ct); 

ii. i n G {0, . . . , |<x™(yn)| — 1} is the position of occurrence of y n -i within 
<r(Vn); 

iii. If i n = 0, then a;„_i appears in o~{x n ) at the position |<j(x n )| — 1; 

iv. If i n = cr(y„)| — 1, then z n -\ appears in cr(z n ) at zero position; 

v. If < i n < \o~{y n )\ — 1, then Xrj-xj/n-i^n-i appears in o~(y n ) at the position 

in - 1. 

vi. If the sequence is determined by the sequence m = {(y n , i n )}n>o G M 
as in (|A.1[) . then 

t[-j n - \a n {x n )\, \a n (y n )\ - 3n - 1 + \a n (z n )\] = a n (x n )a n (y n )a n (z n ). 

(A.5) 
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Now we have three options: 

( a ) j n — ► oo and |<7 n (j/ n )| — j n — > oo as n — > oo. In this case, we get that 
i = «;(m). 

(b) The sequence {j„} is bounded and (|o" n (y n )| — j n ) — » oo. Here, we get 
that w = w(m) is one-sided (to the right). Since the sequence {j n } is non- 
decreasing and bounded, there is no > such that j n = j n<3 for all n > n . This 
implies that i n = for all n > no, i.e. y„ appears at zero position in o~(y n +i)- 
This, in particular, implies that x n appears in a(x n +i) at the last position. 
Therefore, 

t[-jn - W n (x n )\, \cr n (y n )\ -j no - 1] = (J n (x n )a n (y n ) for n > n . 

Set x 'n -i = cr ( a; ™o)[l cr ( a; ™o)l - 1] and y'no-i = ^(yno)! ]- Define inductively 
4-i = CT K)[K4)I - !] and = ^(4)1°] for fe = n - 1, . . . , 1. Setting 

s = {(x ,y ), . . . , (x no _ 1 ,y no _ 1 ), (x no ,y no ), (x no +i, y„ +i), . . .}, 

we get that t = T jo (w(s)). 

(c) The sequence {|tr ra (?/„)| — j n } is bounded and j n — > oo as n — » oo. The 
proof in this case is similar to (b) . 

(2) Denote by Aq (by A\) the set of all letters a £ A such that cr™ a (a) begins 
(ends) with a for some n a . Clearly, if such an n a exists, then it can be chosen 
from the interval [1, \ A\ + 1]. Set p = YiaeA n a x IlbeA Ub - Then p is bounded 
by (|^| + 1) 2 ' A '. 

Consider a sequence s = {{a n , b n )} n >o G A. Find an infinite set I such that 
o-k = o-k' an d = by for all fc, kl G I. Therefore, cr fc_fc (a*;) ends with for all 
k > k', k,k' G I. This shows that a p (ak) (a p (bk)) ends (begins) with au 
for all fc G /. We can write down each fc 6 / as 

= P^fc + TOfe with Zfc > and < 7n^ < p. 

Find an infinite set J C J such that mfe = m^/ for fc, fc' G J. It follows that 
am fc +pri = a mit and 6 mfe + p „ = b mk for all n > and fc G J. Then 

«;(«)= lim ,r"(o B ).<r' , (i B )= hm ^K'KJ)-^!^ (ft**)), 

n — >oo n — >oc 

where k is any integer from J. This shows that each element w(s) is determined 
by a finite number of parameters taken from finite sets. 

(3) If y G Y = P|„>o then for every n > we have y — a n {x n ) for 
some x n G By Theorem 15. 17| the point x n is uniquely defined. Therefore, 
a(x n+ i) = x n for every n. Setting s = {(x n [— 1], x„[0])} n >o, we get that y = 
w(s). 

Conversely, if y — w(s), then it is not hard to decompose y into n- words 
such that y = o~ n (x n ) for some x n G X a . In particular, this shows that y G Y.D 
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